




 

 

 

University of Pardubice 

Faculty of Transport Engineering 

 

 

 

Collection of Academic Precis 2019 
  



| 2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



3 | 

Content: 
List of current grants…………………………………………………………………………………...4 

Analysis of Mechanically Stabilized Earth Wall, Reinforced Earth Structure  
Author: Ing. Eren BALABAN…………………………………………………………………………7 
Maintenance Management of Rolling Stock for Dependability Optimalization 
Author: Ing. Martin ELSTNER……………………………………………………………………….32 
Specifics of the Rail and Road Transport in Terms of Positive Externalities and Their Valuation 
Methods 
Author: Ing. Jakub HAŠEK…………………………………………………………………………...46 
Implementation System of TSI for the Rolling Stocks 
Author: Ing. Katarína MAGDECHOVÁ……………………………………………………………...73 
Loss of Stability of Thin-Walled Conical Shells with Circumferential Ring Loaded by Axial 
Force 
Author: Ing. Haluk YILMAZ……………………………………………………………………..…...91 
Probabilistic Nonlinear Computer Simulations for Realistic Prediction of Structural Response 
Author: Ing. Özgür YURDAKUL……………………………………………………………………111 
Truncated Conical Shells as Absorbers of Impact Force 
Author: Ing. Erdem ÖZYURT……………………………………………………………….............138 
Experimental Analysis of Special Concrete Exposed to Extreme Thermal Stress 
Author: Ing. Vladimír SUCHÁNEK………………………………………………………………....161 
The Formation and Usage of a Regional Public Transport Services Model 
Author: Ing. Martin TRPIŠOVSKÝ …………………………………………………………………184 
Anti-slip Control of Traction Motor of Rail Vehicles 
Author: Ing. Abdulkadir ZIREK……………………………………………………………………..206 



| 4 

List of current grants - 2019 
Technology Agency of the Czech Republic 

National Center of Competence for Josef Božek 

(JOBNAC) 

Národní centrum kompetence Josefa Božka 

(NCKJB) 

Improving efficiency of rail transport within 

energy optimization of the multimodal mobility 

systém 

Zvyšování efektivity železniční dopravy 

v rámci energetické optimalizace systému 

multimodální mobility 

System design to align education with labor 

market needs in the transport and communications 

sector 

Nastavení nových vzdělávacích a výchovných 

priorit reflektujících měnící se potřeby trhu práce 

v sektoru dopravy a spojů 

The impacts after low emission mobility 

implementation on the enviromental effects 

reduction in urban aglomerations 

Dopady zavádění nízkoemisní mobility na 

snižování environmentálních vlivů městských 

aglomerací 

Human Dimension of Sustainable Urban and 

Regional Mobility Plans. 

Humanitní rozměr plánů udržitelné městské 

a regionální mobility 

Design of new shape of prestressed reinforced 

concrete beam 

Návrh nového tvaru předpjatého 

železobetonového nosníku 

Elimination of the rail vehicles axles operational 

failures 

Eliminace provozních poruch náprav kolejových 

vozidel 

Competence Center of Railway Vehicles Centrum kompetence drážních vozidel 

Ministry of Industry and Trade 

Development of the Technology for Intelligent 

Traffic Flow Management 

Vývoj technologie pro inteligentní řízení 

přepravních toků zboží 

3D Printing of Computationally Optimized Metal 

Parts using DMLS Technology 

3D tisk výpočtově optimalizovaných kovových 

součástí s využitím technologie DMLS 

Hybrid Locomotive and Electronic Energy 

Optimization of its Operation 

Hybridní lokomotiva a elektronická optimalizace 

energetiky jejího provozu 



5 | 

Ministry of Interior 

Intervention Simulations in the Airplane 

Accidents 
Simulace zásahů u leteckých nehod 

Development of an Innovative Method for 

Detecting Road Traffic Offenses Using Electronic 

Accident Data 

Vývoj inovativní metody k odhalování trestných 

činů v silniční dopravě s využitím elektronických 

nehodových dat 

EU 

Switch and Crossing Optimal Design and 

Evaluation (S-CODE) 

Switch and Crossing Optimal Design and 

Evaluation (S-CODE) 

Ministry of Education Youth and Sports 

Cooperation of the University of Pardubice and 

the application sphere in application-oriented 

research of location, detection and simulation 

systems for transport and transport processes 

(PosiTrans) 

Spolupráce Univerzity Pardubice a aplikační sféry 

v aplikačně orientovaném výzkumu lokačních, 

detekčních a simulačních systémů pro dopravní 

a přepravní procesy (PosiTrans) 

University of Pardubice (SGS) 

Selected aspects of contemporary transport 

technique, technology and management 

Vybrané aspekty soudobé dopravní techniky, 

technologie a řízení 

University of Pardubice (IRS) 

Innovation of geodesy,Total Stations 
Inovace praktické výuky předmětů se zaměřením 

na geodézii 

Zkvalitnění vzdělávacího procesu na DFJP           

v souladu s požadovaným profilem absolventů 

studijních programů v rámci předmětů Logistika 

II a Zelená logistika 

Improving the educational process at FoTE in 

accordance with the required profile of the 

graduates of the study programs within the 

subjects Logistics II and Green logistics through 

the interaction of theory and practice 

Special testing equipment for technical education 

Speciální zkušební zařízení pro výuku 

technických předmětů DFJP 



| 6 

University of Pardubice (IRS) 

Air transport branch founding on the Faculty           

of Transport Engineering 

Zavedení letectví na Dopravní fakultě Jana 

Pernera 

Support and Innovation of the subject 

E- Commerce at Faculty of Transport 

Engineering 

Podpora a inovace výuky odborného předmětu 

Elektronický obchod na Dopravní fakultě Jana 

Pernera 

 
 

  



7 | 

Analysis of Mechanically Stabilized Earth 
Wall, Reinforced Earth Structure 

Author: Ing. Eren BALABAN 

Doctoral study programme: 
P3710 Technique and Technology in Transport and Communications 

Field of study: 
3706V005 Transport Means and Infrastructure 

Supervisor:  
Ing. Aleš Šmejda, Ph.D. 

Supervisor specialist:  
Assist. Prof. Dr. Mehmet İnanç Onur 

Doctoral thesis has arisen at the supervising: 
Department of Transport Structures  



| 8 

ABSTRACT 

There is an increasing interest on environmental concern all around the world. Waste management or 
storage of wastes takes attention of civil engineers to design environment friendly structures. 
Developing world increased mobility of people all around world and transportation of goods. Tires 
are, used on vehicles which are, used transportation of goods and people. When tires comes to end of 
their life cycle, storage of them becomes huge problem. They are cutted into small pieces to use in 
civil engineering applications such as production of asphalt concrete, concrete. Another usage area of 
scrap tires is a fill material in geotechnical engineering structures, such as retaining walls and 
embankment. In this study, tire chips are mixed with sand and clay and their mixtures at a range of 
10%, 20% and 30% by weight in order to produce lightweight backfill. In order to determine strenght 
parameters of mixed soils, direct shear tests are performed. Results of direct shear test is modelled on 
finite element code. Reinforced earth walls are designed using federal highway administration 
(FHWA) method using direct shear test results for sand, clay, sand tire crumb mixture and clay tire 
crumb mixture backfills. Designed walls are constructed at laboratory and tested with a loading plate. 
Another aspect of design of reinforced earth structures consist of effect of foundation layers, because 
design codes do not consider foundation layers’ effect into consideration. Finite element analysis is 
conducted for a different foundation layer properties for reinforced earth wall with different backfills. 
Results of this study showed that, tire crumbs can be considered as a backfill material and performance 
of reinforced earth wall depends on properties of foundation soils’.   

KEYWORDS 

Sand, clay, tire crumb, reinforced earth wall, geosynthetic, foundation, direct shear test 
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1. INTRODUCTION

Reinforcement of concrete by steel rods has been a well known by civil engineers. Therefore, 
strengthening structures with other materials is not a new idea for civil engineers. French engineers 
adopted this idea to geotechnical engineering nearly five decades ago. Their idea was simple enough, 
could we strengthen the soil by using steel rods like in concrete structures. They performed some 
experiments and showed that the idea of reinforcing the soil could be applied in the design step of 
geotechnical structures. Since that time, a lot of research has been done to understand behaviour of 
reinforced earth structures.Reinforced earth could be used under the foundations where bearing 
capacity of the soil is under desired value. Another application of reinforcing soil is retaining walls. 
Reinforced earth walls can be used to retain railway and road embankments, bridge abutments. They 
are also used to retain contaminated wastes in valleys under some special conditions.Reinforced earth 
walls are constructed by inserting reinforcement material into backfill soil, placing facing elements 
(example: concrete blocks, steel facings, wooden facings), adding another backfill soil again. 
Construction of reinforced soil can be considered as staged construction because, first of all levelling 
pad is laid through foundation soil and then backfill soil must be placed, compacted, after that, 
reinforcement rods must be placed. This process continues until the desired height of the wall is 
reached. Since the day that reinforced earth walls are introduced, they are widely used in practical 
engineering. It is easier to construct reinforced earth wall than conventional retaining wall. Reinforced 
earth walls also have economical advantage than conventional retaining walls because it is cheaper to 
construct. Another advantage of reinforced earth wall is their aesthetic appearance. Reinforced earth 
walls are considered as flexible walls because they tolerate lateral and vertical deformation more than 
conventional retaining walls. They provide faster construction speed than traditional retaining walls.  

1.1 Aim of Thesis 

This thesis concerns about following topics 

(i) Mixing sand and clay on different ratios to find out change in shear strenght parameters under 
low vertical stress. 

(ii) Finite elemenet modelling of conducted direct shear tests. 

(iii) Adding tyre crumbs into soil mixtures to determine new shear strenght parameters. 

(iv) Construction of scaled reinforced earth walls at laboratory with sand and clay backfills and 
sand-tire crumb mixtures, clay tire crumb mixtures in order to clarify effect of tire crumb into 
performance of reinforced earth walls. 

(v) Finite element modelling of the small scale reinforced earth walls tested at laboratory. 

(vi) Finite element analysis of reinforced earth wall in order to determine the effect of foundation 
layers’ properties into performance of reinforced earth walls. 

2. BACKGROUND

Behaviour of reinforced earth wall is highly dependent on properties of reinforced backfill. Therefore, 
all design codes defines some restrictions on properties of reinforced backfill. Therefore, effect of 
backfill is discussed by various articles at the literature [11, 16, 41, 27, 29, 31, 44, 58 and 64].  

M. Riccio et al. [11] found that cohesion tends to increase reinforcement strains. M. Pinho-Lopes [16] 
et al. conducted flume tests over reinforced earth wall with fine backfill. Results are compared with 
traditional walls which are used at region. Traditional walls are found to be more suitable than 
reinforced earth wall. Guangqing Yang et al. [41] measured behaviour of 12m height reinforced earth 
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wall with sand backfill from 0 to 6 meter and clay backfill from 6 meter to 12 meter. Highest foundation 
pressure is measure at the middle. Reinforcements in sand backfill showed two peaks in case of 
maximum strains. Huabei Liu [27] investigated short term and long term behaviour of reinforced earth 
wall with four different sands. It is seen that, stiffness of reinforced soil, lateral earth pressure behind 
the wall are affected from type of backfill. Huabei Liu et al. [29] studied long-term behaviour of 
reinforced earth wall with marginal soil by modelling 8 meter height wall on Abaqus. They concluded 
that, keeping soil creep rate constant, increasing reinforcement creep yields increased wall deformation. 
Abdelkader Abdelouhab [31] analysed reinforced earth wall with different backfills with finite element 
method. It is found out that as cohesion of backfill increases, lower displacement of wall is observed. 
Abdolhosein Haddad and Gholamali Shafabakhsh [44] investigated possible failure reason of a failed 
reinforced earth wall is investigated. It is found out that, backfill used during construction has a 
considerable fine content. High fine content yielded low permeability and low factor of safety against 
pull-out capacity.  D. M. Carlos and Margarida Pinho-Lopes [58] conducted external stability analysis 
for a reinforced earth walls with sand and sand-fine particle mixtures with two different design 
methods. Results provided that, in case of short term behaviour walls might have a problem regarding 
sliding. Robert M. Koerner and George R. Koerner [64] suggested several solutions for a reinforced 
earth walls with a fine backfill regarding low drainage systems.   

Several studies can be found in literature which are considered effect of foundation to behaviour of 
mechanically stabilized earth wall [24, 26, 34, 38, 43, 48]. Jian-Feng Chen et al. [24] studied behaviour 
of reinforced earth wall constructed over soft soil. Foundation layers consisted of preliminary fill, silty 
clay, mucky silty clay, clay and silty clay. Prefabricated vertical drains are installed till silty clay layer. 
Researchers concluded that, construction duration should be prolonged in order to construct more stable 
wall. This is due to dissipation of pore water pressure. Weaker sub-soil requires extension of 
reinforcement layers can be stated as another outcome of this study. Dev Leshchinsky et al. [26] studied 
difference between theoretical and actual failure of reinforced earth wall due to bearing capacity. It is 
concluded that, failure mechanism is different than failure mechanism assumed by Meyerhoff’s method 
which is used in some design codes. I. P. Damians et al. [34] modelled a reinforced earth wall with 
respect to different foundation stiffnesses. Foundations are modelled by changing only stiffness. It is 
stated that as the stiffness of foundation and reinforcement stiffness are reduced, facing deformations 
increase. It is also stated that, if reinforcement with lower stiffness is used over the low stiff foundation 
soil, higher stresses are observed over reinforcement. Graeme D. Skinner and R. Kerry Rowe [38] 
studied design of reinforced earth wall on a one layer yielding foundation. Researchers concluded that, 
horizontal and vertical deformations of wall are increased after consolidation. Jian-Feng Xue et al. [43] 
investigated failure of reinforced earth wall constructed on soft clay foundation. They concluded that, 
prefabricated vertical drains are damaged during construction and excess pore water pressures can not 
be dissipated properly which caused failure of wall. A. Sengupta [48] investigated reasons of failure of 
failed reinforced earth wall constructed over multi-layered foundation soil. Researcher found the failure 
reason as underestimated unit weight of backfill and overestimation of bearing capacity of foundation 
soil. This yielded to high amount of consolidation which caused failure. 

In order to design more reliable reinforced earth walls, researchers have been looking for several 
methods. Reinforcing backfill is one of those methods. Some of those studies can be found in the 
literature [10, 15, 18, 20, 22]. Taesoon Parka and Siew Ann Tanb [10] investigated behaviour of 
reinforced earth wall with sandy silt and polypropylene fibers. The mixture ratio of polypropylene and 
soil is chosen as 0.2%. Researchers concluded that, best results are obtained by reinforcing sand with 
geogrid and polypropylene. Sutapa Hazra Æ Nihar Ranjan Patra [15] studied counterfort retaining wall 
using sand-fly ash mixture as backfill and geogrid as reinforcement. They concluded that wall with 
sand-fly ash mixture with geogrid as backfill produced more stable results. S. Bali Reddy and A. Muradi 
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Krishna used recycled tyre chips mixed with sand. The wall performed better when 30% tyre chip is 
added to sand. Guangqing Yang et al. studied the behaviour of lime treated cohesive soil backfilled 
soil. Researchers concluded that, lateral earth pressure decreased with time due to increasing strenght 
of lime treated sand and horizontal deformation of wall face. Sompote Youwai and Dennes T. Bergado 
studied behaviour of reinforced earth wall with a backfill which consists of tire chips using finite 
difference method. Researchers concluded that, lateral movement of wall and tensile force in 
reinforcement increased as the ratio of chip tire increased.   

It can be seen from the literature that, effect of reinforced backfill is generally evaluated using clay 
backfill and measuring or computing displacements. However, behaviour of reinforced wall covers 
more extensive range such as change of maximum forces on geotextile, horizontal displacements and 
settlements. In this work, different backfills are created by mixing sand and clay. Mechanical properties 
of backfills are determined in laboratory and used in finite element analysis in order fully evaluate 
behaviour of reinforced earth walls with different backfill regarding, horizontal displacements of wall 
face and retained soil, settlements and forces acting on reinforcements. 

Another important aspect which determines behaviour of reinforced earth wall is condition of 
foundation beneath it. However, very little study is available on the literature for this phenomena. The 
related studies related to effect of foundation is generally case studies which are conducted after failure 
of reinforced earth wall. In order to prevent from failures, change of horizontal displacements of wall 
face, retained soil, settlement of wall and forces acting on reinforcement evaluated with respect to 
foundation conditions in this study.  

There is a contradiction in the literature in case of using tyre chips to obtain light weight backfill. It is 
also unclear to effect of tyre crumbs which have smaller grains to behaviour of reinforced earth wall. 
In order to clarify its effects reinforced earthwalls constructed at laboratory with various tyre crumb 
contents. Effect of tyre crumbs to clay backfill is also evaluated at the laboratory. 

3. METHODS AND METHODOLOGY

Backfills are created by mixing sand and clay. In each mixture, clay content is increased by 10%. Grain 
size disribution of sand and clay is determined. Maximum dry unit weights and optimum water content 
are evaluated. Direct shear tests are conducted to determine shear strenght parameters of mixtures. 
Direct shear tests are conducted under 9.81 kPa, 19.62 kPa, 40.81 kPa and 58.86 kPa. After that, direct 
shear tests are modelled on Abaqus. Then, tyre crumb is added to each mixture to determine effect of 
tyre crumbs. Tyre crumb is also added 10% of mixture and increased by 10% for increment of tyre 
crumbs in mixtures. Maximum dry unit weights of all mixture with tyre crumbs are also determined. 
Direct shear tests are also conducted for soil-tyre crumb mixtures. Then small scale reinforced earth 
walls are constructed at laboratory and tested in order to study effect of tyre crumbs to performance of 
reinforced earth walls. Finite element analysis are conducted in order to determine effect of backfill 
and foundation. Tested soil in laboratory are used during finite element analysis. 

3.1 Experimental Setup 

Standard proctor tests are conducted in order to determine maximum dry unit weight and optimum 
water content. Standard proctor test is chosen, because it is required during construction of reinforced 
earth walls construction by some codes.  

Direct shear tests conducted at rate of 0.25 mm/min when sand content is above 50% of the mixture. 
When sand content in the mixture is below 50%, shear rate is decreased to 0.065 mm/min in order not 
to produce excess pore water pressure inside samples during shear test. Mixtures with tyre crumbs are 
also tested at same shear rates. 
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Small scale reinforced earth walls are constructed in Research and Educational Center (VVCD) at 
transport structures laboratory. Walls are constructed inside a steel frame which is placed inside the 
laboratory. This steel frame is given on Figure 3.1 below.  

 
Figure 3.1 Steel Frame Used during Construction and Testing 

Constructed walls tested with a loading plate which has a 300 mm diameter. Loading plate is placed 2 
cm behind the wall face so that, entire load in applied to reinforced backfill. Loading is applied step by 
step. Initial load step is chose as 0.06 MPa and increased 0.06 MPa at each increment. Increment is 
applied when settlement of loading plate is stabilized.  

Deformation of wall face is measured at three different points, while settlement of loading plate is 
measured from load application point. Loading system can be seen from Figure 3.2 below. 

 
Figure 3.2 Schema of loading system 

3.2 Analytical Design of Reinforced Earth Walls 

Analytical design of reinforced earth wall is conducted for two different chapter of this study. In the 
first chapter, analytical design for laboratory. Wall height is chosen as 45 cm and length of 
reinforcement chosen as 0.7H to comply with minimum requirement of FHWA method. In the second 
chapter, reinforced earth wall is designed with height of 6 meter and reinforcement length is chosen as 
1H.  

Analytical design of the walls are done according to Federal Highway Administration (FHWA) design 
code. External analysis is conducted initially and safety of walls are determined for overturning and 
sliding. After external design is completed internal design is conducted. Forces on reinforcement and 
pull – out capacity are determined for each reinforcement layers.  
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3.3 Finite Element Modelling 

Abaqus and Plaxis finite element codes are used in this study. Abaqus is used to model direct shear 
tests. Geometry and mesh structure is given on Figure 3.3. Mohr-Coulomb material model is used 
during analysis. Mohr – Coulomb material model properties are given on Table 3.1 below.  

Small scale walls without tyre crumb content are modelled on Plaxis. Plane-Strain modelling technique 
is applied. Mohr-Coulomb material model is used during analysis. Geometry and mesh structure of 
paxis model for small scale wall is given on Figure 3.4. Material parameters for small – scale wall is 
provided on Table 3.2 below.  

 
Figure 3.3 Geometry and mesh of finite element model for direct shear test 

Table 3.1 Mohr – Coulom Material Model Parameters for Finite Element Analysis for Abaqus 

       
9,81 
kPa 

19,2 

kPa 
40,81 
kPa 

58,86 
kPa 

 
γsat 

(kN/m3) 
γunsat 

(kN/m3) 
Φ 

(o) 
C 

(kPa) 
φ 

(o) 
ν G 

(MPa) 
G 

(MPa) 
G 

(MPa) 
G 

(MPa) 

100% 
Sand 19,50 1,74 47,38 0,456 17,38 0,3 4.04 7.20 13.5 14.41 

80% 
Sand + 
20% 
Fine 

22,31 2,07 42,35 11,61 12,35 0,3 4.74 6.58 11.88 13.22 

60% 
Sand + 
40% 
Fine 

22,10 2,05 41,19 24,01 11,19 0,3 7.76 11.04 13.77 24.08 

40% 
Sand + 
60% 
Fine 

22,53 2,06 38,84 25,84 8,84 0,3 10.44 12.58 11.36 18.84 

20% 
Sand + 
80% 
Fine 

22,10 2,00 36,51 34,36 6,51 0,3 
13.30 

 
15.59 

22.5 

 

22.93 

 

100% 
Fine 20,80 1,85 32,44 37,66 2,44 0,3 15.73 17.77 21.05 25.39 
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Figure 3.4 Geometry and Mesh Structure of Wall 

Table 3.2 Material Parameters for Soil’s Used During Analysis 

Soil 
Type 

γ 
(kN/m3) E (kPa) ν φ c 

(kPa) ψ 

Sand 17.4 64020 0.3 47.4 1 17.4 

Clay 18.5 85670 0.3 32.4 37.7 2.4 

 

As it is told earlier, finite element analysis was conducted in order to determine effect of foundation 
layers. Created finite element model is given on Figure 3.5 below.  

 
Material properties used to model reinforced backfill, retained backfill, and foundation layers are 
provided in Table 3.3, Table 3.4 and Table 3.5 respectively. 

Table 3.3 Material Parameters of Reinforced Backfill 

  Reinforced Backfill 

  φ γ (𝑘𝑘𝑘𝑘/𝑚𝑚3) c (kPa) E (GPa) 

100% Sand 47.4 17.4 0.5 64.02 

80% Sand + 20% Fine 42.4 20.7 11.6 55.72 

60% Sand + 40% Fine 41.2 20.5 24 90.22 

40% Sand + 60% Fine 38.8 20.6 25.8 59.48 

20% Sand + 80% Fine 36.5 20 34.4 85.54 

Fine Soil 32.4 18.5 37.7 85.67 

 

 

Backfill Retained Soil 
Foundation Layer - 1 

Foundation Layer - 2 
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Table 3.4 Material Parameters of Retained Backfill 

Retained Backfill 

φ γ (𝑘𝑘𝑘𝑘/
𝑚𝑚3) 

c 
(kPa) 

E 
(GPa) 

20 15 1 15 

30 17 20 50 

 
Foundation Soil 1 Foundation Soil 2 

φo γ 
 (𝑘𝑘𝑘𝑘/𝑚𝑚3) c (kPa) E (GPa) D (m) φo γ 

 (𝑘𝑘𝑘𝑘/𝑚𝑚3) c (kPa) E (GPa) D (m) 

20 15 1 15 2.5 20 18 35 60 5.0 

20 15 1 15 2.5 20 18 35 60 5.0 

20 15 1 15 2.5 20 18 35 60 5.0 

20 15 1 15 2.5 20 18 35 60 5.0 

20 15 1 15 2.5 20 18 35 60 5.0 

20 15 1 15 2.5 20 18 35 60 5.0 

20 15 1 15 2.5 20 18 35 60 5.0 

20 15 1 15 2.5 20 18 35 60 5.0 

20 15 1 15 2.5 20 18 35 60 5.0 

20 15 1 15 2.5 20 18 35 60 5.0 

20 15 1 15 2.5 20 18 35 60 5.0 

20 15 1 15 2.5 20 18 35 60 5.0 

20 15 1 15 5.0 20 18 35 60 5.0 

20 15 1 15 5.0 20 18 35 60 5.0 

20 15 1 15 5.0 20 18 35 60 5.0 

20 15 1 15 5.0 20 18 35 60 5.0 

20 15 1 15 5.0 20 18 35 60 5.0 

20 15 1 15 5.0 20 18 35 60 5.0 

20 15 1 15 5.0 20 18 35 60 2.5 

20 15 1 15 5.0 20 18 35 60 2.5 

20 15 1 15 5.0 20 18 35 60 2.5 

20 15 1 15 5.0 20 18 35 60 2.5 
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20 15 1 15 5.0 20 18 35 60 2.5 

20 15 1 15 5.0 20 18 35 60 2.5 

35 17 20 55 2.5 20 18 35 60 5.0 

35 17 20 55 2.5 20 18 35 60 5.0 

35 17 20 55 2.5 20 18 35 60 5.0 

35 17 20 55 2.5 20 18 35 60 5.0 

35 17 20 55 2.5 20 18 35 60 5.0 

35 17 20 55 2.5 20 18 35 60 5.0 

35 17 20 55 5.0 20 18 35 60 5.0 

35 17 20 55 5.0 20 18 35 60 5.0 

35 17 20 55 5.0 20 18 35 60 5.0 

35 17 20 55 5.0 20 18 35 60 5.0 

35 17 20 55 5.0 20 18 35 60 5.0 

35 17 20 55 5.0 20 18 35 60 5.0 

35 17 20 55 5.0 20 18 35 60 2.5 

35 17 20 55 5.0 20 18 35 60 2.5 

35 17 20 55 5.0 20 18 35 60 2.5 

35 17 20 55 5.0 20 18 35 60 2.5 

35 17 20 55 5.0 20 18 35 60 2.5 

35 17 20 55 5.0 20 18 35 60 2.5 

35 17 20 55 5.0 20 16 1 15 2.5 

35 17 20 55 5.0 20 16 1 15 2.5 

35 17 20 55 5.0 20 16 1 15 2.5 

35 17 20 55 5.0 20 16 1 15 2.5 

35 17 20 55 5.0 20 16 1 15 2.5 

35 17 20 55 5.0 20 16 1 15 2.5 

35 17 20 55 5.0 20 16 1 15 5.0 

35 17 20 55 5.0 20 16 1 15 5.0 

35 17 20 55 5.0 20 16 1 15 5.0 

35 17 20 55 5.0 20 16 1 15 5.0 

35 17 20 55 5.0 20 16 1 15 5.0 

35 17 20 55 5.0 20 16 1 15 5.0 
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20 15 1 15 2.5 20 16 1 15 2.5 

20 15 1 15 2.5 20 16 1 15 2.5 

20 15 1 15 2.5 20 16 1 15 2.5 

20 15 1 15 2.5 20 16 1 15 2.5 

20 15 1 15 2.5 20 16 1 15 2.5 

20 15 1 15 2.5 20 16 1 15 2.5 

20 15 1 15 2.5 20 16 1 15 5.0 

20 15 1 15 2.5 20 16 1 15 5.0 

20 15 1 15 2.5 20 16 1 15 5.0 

20 15 1 15 2.5 20 16 1 15 5.0 

20 15 1 15 2.5 20 16 1 15 5.0 

20 15 1 15 2.5 20 16 1 15 5.0 

20 15 1 15 5.0 20 16 1 15 2.5 

20 15 1 15 5.0 20 16 1 15 2.5 

20 15 1 15 5.0 20 16 1 15 2.5 

20 15 1 15 5.0 20 16 1 15 2.5 

20 15 1 15 5.0 20 16 1 15 2.5 

20 15 1 15 5.0 20 16 1 15 2.5 

20 15 1 15 5.0 20 16 1 15 5.0 

20 15 1 15 5.0 20 16 1 15 5.0 

20 15 1 15 5.0 20 16 1 15 5.0 

20 15 1 15 5.0 20 16 1 15 5.0 

20 15 1 15 5.0 20 16 1 15 5.0 

20 15 1 15 5.0 20 16 1 15 5.0 

 
4. RESULTS 
4.1    Determination of Soil Properties 

As it is told before, sand, clay and their mixtures and tyre crumbs are used in this study. The grain size 
distribution of sand and tyre crumbs are given on Figure 4.1.   
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Figure 4.1 Grain Size Distribution of Sand and Tyre Crumb 

Specific gravity of sand is given as 2.9. Coefficient of uniformity and coefficient of gradation is 
calculated as 3.3 and 0.84 respectively. Sand is classified as poorly graded (SP) sand according to 
unified classification system. 

Hydrometer analysis results of clay is provided on Figure 4.2 below.  

 
Figure 4.2 Grain Size Distribution of Clay 

Specific gravity of clay is found as 2.69. Plastic limit and liquid limit is found as 20.18% and 35.86%. 
Clay is classified as CL according to unified classification system. 

Maximum dry unit weight and corresponding optimum water content of sand clay and its mixtures 
are provided below.  

Table 4.1 Maximum Dry Unit Weight and Optimum Water Content of Samples 

Mixture Maximum Dry Unit Weight 
(g/cm3) 

Optimum Water 
Content (%) 

100% Sand 1,74 11,5 

90% Sand + 10% Fine 1,80 9,5 

80% Sand + 20% Fine 2,07 8,0 

70% Sand + 30% Fine 2,13 6,8 

60% Sand + 40% Fine 2,05 8,0 

50% Sand + 50% Fine 2,12 8,6 

40% Sand + 60% Fine 2,06 9,1 
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30% Sand + 70% Fine 2,02 10,0 

20% Sand + 80% Fine 2,00 11,0 

10% Sand + 90% Fine 1,99 10,0 

100% Fine 1,85 12,5 

 
When these mixtures are mixed with tyre crumbs with different ratios, maximum dry unit weights 
changes as follows on Table 4.2. It should be noted here that, water content is kept same to find out 
unit weight change. 

Table 4.2 Unit Weight of Soil Tyre Crumb Mixtures 

Tyre Chip Content 

Mixture 10% 20% 30% 40% 

100% Sand 1,55 1,47 1,22 1,20 

90% Sand + 10% Fine 1,75 1,56 1,33 1,27 

80% Sand + 20% Fine 1,84 1,62 1,42 1,40 

70% Sand + 30% Fine 1,91 1,69 1,46 1,42 

60% Sand + 40% Fine 1,78 1,72 1,50 1,44 

50% Sand + 50% Fine 1,90 1,69 1,50 1,42 

40% Sand + 60% Fine 1,91 1,70 1,59 1,45 

30% Sand + 70% Fine 1,85 1,74 1,58 1,44 

20% Sand + 80% Fine 1,65 1,67 1,55 1,43 

10% Sand + 90% Fine 1,79 1,64 1,52 1,40 

100% Fine 1,79 1,64 1,50 1,39 

 

Direct shear tests are conducted to these samples. Results showed that, as the sand content decreases, 
angle of friction decreases and cohesion increases. When tyre crumbs are added to mixture, angle of 
friction slightly decreases for 10% tyre crumb content. Addition of 20% tyre crumb content into soil 
mixtures, the highest values of angle of friction is measured. Adding 30% tyre crumb caused reduction 
in angle of friction. All tyre crumb inclusions caused increase on cohesion only for pure sand and 90% 
sand. In other soil mixtures, addition of tyre crumb reduced cohesion. Measured values of angle of 
friction and cohesion is given on Table 4.3.  

Table 4.3 Measured angle of friction and cohesions from direct shear tests 

  0 % Tyre Chip 10% Tyre Chip 20% Tyre Chip 30% Tyre Chip 

  ϕ c (kPa) ϕ c (kPa) ϕ c (kPa) ϕ c (kPa) 

100% Sand 47,38 0,46 45,39 7,39 47,74 5,86 41,16 6,64 
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90% Sand + 
10% Fine 44,19 3,07 43,84 13,36 46,23 9,73 41,01 7,09 

80% Sand + 
20% Fine 42,35 11,61 42,17 17,46 46,02 11,56 39,89 8,88 

70% Sand + 
30% Fine 41,36 21,51 41,04 21,93 44,80 12,50 38,35 11,61 

60% Sand + 
40% Fine 41,19 24,01 40,70 23,09 43,30 17,11 38,06 17,86 

50% Sand + 
50% Fine 41,04 26,68 39,86 24,63 42,08 20,26 37,09 19,88 

40% Sand + 
60% Fine 38,84 25,84 37,78 25,74 41,72 20,63 36,69 20,02 

30% Sand + 
70% Fine 38,05 26,10 37,45 25,66 41,14 22,58 36,27 23,52 

20% Sand + 
80% Fine 36,51 34,36 35,61 25,76 40,62 22,64 36,07 26,56 

10% Sand + 
90% Fine 36,37 37,48 35,54 25,76 38,62 23,69 35,41 26,71 

100% Fine 32,44 37,66 33,37 30,19 37,47 28,14 34,60 28,63 

 
When direct shear tests of pure soils are modelled with Abaqus, less then 10% error is computed with 
respect to shear strenght of soils. The measured and computed results are given on Table 4.4.  

Table 4.4 Maximum Shear Stress Values from Experiment and Finite Element Model and Difference 

Content Confining 
Pressure Experiment Abaqus Difference (%) 

100% Sand 

9,81 kPa 11 10,8 1.82 

19,62 kPa 22,7 24,8 9.25 

40,81 kPa 43,1 44,9 4.18 

58,86 kPa 65,3 64,9 0.61 

80% Sand + 20% 
Fine 

9,81 kPa 19,2 17,7 7.81 

19,62 kPa 30,4 27,4 9.87 

40,81 kPa 50,5 46,8 7.33 

58,86 kPa 64 63,3 1.09 

60% Sand + 40% 
Fine 

9,81 kPa 34,7 34,8 0.29 

19,62 kPa 40,3 41 1.74 

40,81 kPa 55,9 59,5 6.44 
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58,86 kPa 78,1 80,2 2.69 

40% Sand + 60% 
Fine 

9,81 kPa 31,6 32,6 3.16 

19,62 kPa 43,2 42,1 2.55 

40,81 kPa 61,1 60,1 1.64 

58,86 kPa 71,4 72,7 1.82 

20% Sand + 80% 
Fine 

9,81 kPa 40,7 39,1 3.93 

19,62 kPa 49,1 45,9 6.52 

40,81 kPa 66,6 74,1 11.26 

58,86 kPa 76,6 73,7 3.76 

100% Clay 

9,81 kPa 44,6 45,3 1.57 

19,62 kPa 50,4 49,7 1.39 

40,81 kPa 61,1 61,2 0.16 

58,86 kPa 76,6 79,5 3.79 

 
When angle of friction and cohesion values are calculated from finite element analysis, less then 10% 
error occurred between results. Those values are provided on Table 4.5 below.  

Table 4.5 Shear Strenght Parameters from Experiment and Finite Element Model and Difference 

 Experiment Abaqus Difference (%) 

Content φ (o) c (kPa) φ (o) c (kPa) φ (o) c (kPa) 

100% Sand 47.4 0.46 48.2 0 1.7 100,00 

80% Sand + 20% Clay 42.4 11.61 43.0 8.80 1.5 24.20 

60% Sand + 40% Clay 41.2 24.01 43.0 23.90 4.4 0.46 

40% Sand + 60% Clay 38.9 25.84 39.4 25.40 1.5 1.69 

20% Sand + 80% Clay 36.1 34.36 37.5 32.60 3.9 5.12 

100% Clay 32.4 37.66 34.5 36.80 6.4 2.28 

 
4.2 Results From Small Scale Wall Tests 

When small scale walls are tested at the laboratory, it is seen that the lowest settlements of loading 
platemeasure for pure sand, while the highest settlements are measured for sand 20% tyre crumb 
mixtures. Change of settlement with respect to load and tyre crumb content is given on Figure 4.3 
below. 

When measured horizontal displacements are compared with each other, it is seen that, lower or almost 
equal horizontal displacements are measured for sand and 10% tyre crumb mixtures up to 0.42 MPa. 
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Then measured horizontal displacements gets higher than pure sand. This behaviour is given on Figure 
4.4 for. 

 
Figure 4.3 Settlement of Loading Plate for sand and tyre crumb mixtures 

 
Figure 4.4 Measured horizontal displacements for sand and tyre crumb mixtures at top measurement point 

When behaviour of small scale walls investigated, the lowest settlement is measured for pure clay. The 
change settlement with respect to tyre crumb content and load is given on Figure 4.5. 

 
Figure 4.5 Settlement of Loading Plate for clay and tyre crumb mixtures 

When horizontal displacements are compared with respect to different clay-tyre crumb mixtures, it is 
seen that the lowest horizontal displacements computed for a wall with a pure clay backfill. Figure 4.6 
shows measured horizontal diplacement on top of wall for clay backfills and tyre crumb mixtures. 
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Figure 4.6 Measured horizontal displacements for clay and tyre crumb mixtures at top measurement point 

4.3 Finite Element Model of Small Scale Walls 

When tested walls are modelled in finite element software Plaxis, it is seen that walls with sand backfill 
approximates to real results better than walls with clay backfill. Measured and computed settlement 
values of loading plate are given on Figure 4.7 for sand backfill.  

 
Figure 4.7 Measured and computed settlement of loading plate for sand backfill. 

The measured and computed settlement of loading for clay backfill is given on Table 4.6 below.  

Table 4.6 Measure and computed settlement values of loading plate for clay backfill 

Load (MPa) Test Settlement (mm) Plaxis Settlement (mm) 

0 0 0 

0.06 0.97 0.36 

0.12 1.28 0.63 

0.188 1.62 0.99 

 
4.4 Effect of Backfill Foundation Soil to Behaviour of Reinforced Earth Wall 

The lowest horizontal displacements are computed for sand backfill while the highest displacements 
are computed for 80% sand + 20% clay backfill. The change of horizontal displacement at reinforced 
earth wall face is given on Figure 4.8. 
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Figure 4.8 Computed horizontal displacements on wall face for different type of backfills. 

If the settlement of reinforced earth wall with different backfills are considered, the highest settlements 
are computed for 80% Sand-20% clay backfill. Figure 4.9 shows change of computed displacements 
for different backfill.  

 
Figure 4.9 Computed settlement values for different type of backfill 

Computed forces on reinforcements is shown on Figure 4.10. According to figure 4.10, the highest 
forces are computed for sand backfill except for the last layer. The highest force is computed for 80% 
sand – 20% clay mixture at last layer. The highest resultant force is computed for sand backfill.  

 
Figure 4.10 Computed maximum forces on geosynthetic layers 

When the effect of foundation conditions to horizontal displacement of wall face is investigated, it is 
seen that, horizontal displacements are highly dependent on foundation conditions. Computed 
horizontal displacements for different foundation conditions are given on Table 4.7 below. 
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Table 4.7 Computed horizontal displacements with respect different foundation conditions 

H 
(m) 

1st 
Case 

2nd 
Case 

3rd 
Case 

4st 
Case 

5th 
Case 

6th 
Case 

7th 
Case 

8th 
Case 

9th 
Case 

10th 
Case 

11th 
Case 

12th 
Case 

13th 
Case 

6.0 86.92 33.92 96.73 92.10 8.61 7.60 8.52 6.35 2.89 97.40 106.35 97.25 111.65 

4.8 82.86 32.79 90.46 85.86 8.80 8.01 8.72 7.04 4.26 90.64 98.35 90.34 103.60 

3.6 73.94 30.73 83.59 78.89 8.41 7.87 8.36 7.18 5.13 83.16 89.63 82.73 94.98 

2.4 66.34 27.56 75.64 70.93 7.33 7.05 7.30 6.70 5.36 74.64 79.92 74.16 85.37 

1.2 61.81 23.28 66.36 62.22 5.47 5.56 5.47 5.47 4.50 65.19 69.32 64.85 74.73 

0 54.23 22.42 61.78 60.02 2.38 2.49 2.41 2.84 2.83 60.34 63.59 62.01 68.19 

 

When the computed settlements are investigated with respect to different foundation conditions, it is 
seen that the magnitude and pattern of the settlements changes with respect to foundation conditions. 
Those changes are given on Figure 4.11 below for sand backfill.  

 
Figure 4.11 Computed settlements with respect to different foundation conditions for sand backfill 

If the forces computed at different geosynthetic layers are investigated, it is seen that, computed forces 
on each geosynthetic layers are highly dependent on foundation conditions. Computed forces are given 
on Table 4.10 below for sand backfill.  

Z (m) 1st 
Case 

2nd 
Case 

3rd 
Case 

4th 
Case 

5th 
Case 

6th 
Case 

7th 
Case 

8th 
Case 

9th 
Case 

10th 
Case 

11th 
Case 

12th 
Case 

13th 
Case 

0 4.79 1.69 5.10 4.76 0.75 0.73 0.74 0.75 0.72 5.08 4.58 3.31 5.14 
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2.8 5.70 5.50 5.80 5.63 2.65 2.62 2.63 2.65 2.64 5.63 5.78 5.60 5.80 

3.2 6.50 5.95 6.57 6.40 2.68 2.67 2.66 2.65 2.64 6.39 6.48 6.26 6.61 
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4.0 7.78 6.84 7.94 7.66 3.09 2.93 3.08 2.96 2.91 7.59 7.82 7.53 7.88 

4.4 8.51 7.40 8.64 8.61 3.26 3.03 3.25 3.28 3.02 8.40 8.53 8.17 8.55 

4.8 9.67 7.90 9.51 9.84 3.15 3.14 3.13 3.17 3.13 9.39 9.63 9.20 9.45 

5.2 11.1
1 

8.41 10.5
6 
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5.  CONCLUSION 

Behaviour of reinforced earth wall is investigated under following conditions in this study. 

• Addition of tyre crumbs in different ratios to sand and clay backfill in order to measure change 
of behaviour of reinforced eath walls. 

• Effect of different backfill materials to behaviour of reinforced earth structures 

• Effect of different foundation conditions to behaviour of reinforced earth structures. 

According to results of this study, it is seen that, in case of sand backfill, lower horizontal displacements 
are observed for 10% tyre crumb inclusion. It should be noted that, settlement measured for this tyre 
crumb content is slightly higher than pure sand case. In case of clay backfill, addition of tyre crumbs 
resulted higher displacement and settlement than pure clay backfill case.  

It seen that, behaviour of reinforced earth wall is highly dependent on used backfill soil. Different 
backfill soils react to surcharge load differently which may yield change of behaviour of reinforced 
earth wall.  

Computed horizontal displacements, settlements and geosynthetic forces are highly dependent on 
foundation conditions. It should be also noted that, thickness of soil layer also affects computed 
deformations. 

Following contributions to literature are made by the results of this study. 

• Tyre crumbs can be used as a backfill material with sand up to 10% tyre crumb content. Several 
researchers found contradicting results about usage of tyre chips in reinforced earth wall, however, 
experimental part of study proved that, tyre crumbs can be used. 

• Effect of backfill materials are generally considered by working condtions of reinforced earth wall. 
This study proved that, not only working conditions, but also change of working conditions of 
reinforced eath wall should be considered during design of reinforced earth walls, especially for the 
walls which contains fine particles. 

• Foundation conditions are important property of the design stage. Changing foundation conditions 
may yield to totally different behaviour of the wall. Amount of change is revealed by this study. 

The outcome of this study can be used for a furher research in the following areas. 

• Investigation of decreasing settlement of loading plate when tyre crumbs are used with sand backfill.  
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• Implementing a coefficient to analytical design of reinforced earth walls in order to account 
foundation conditions. It is clear that, checking for a bearing capacity of foundation is not enough 
to design a reinforced earth wall. 
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ABSTRACT 

This self-summary describes the dissertation, which focuses on the collection and analysis of data to 
evaluate the dependability of passenger transport railway vehicles. The starting point for its 
composition is customer expectations regarding railway transport dependability. The research 
involved in the analysis showed that the significant indicators are transportation accuracy and 
adherence to train unit order. Basic descriptions of the methods of analysing the relation of these 
indicators to vehicle dependability are presented here. The results of the performed research can be 
applied to the proposals for alterations of information systems used by carriers and subjects 
responsible for maintenance. The application of the described insights in the area of data collection 
and evaluation can result in acquiring the tools for improving the railway vehicle maintenance process 
to achieve the corresponding degree of their dependability. 
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1.     The Current Situation in the Study Subject 

The railway transportation system in the Czech Republic territory has been going through several 
changes during the recent years. Consequently, a major impact has the transport policy of the European 
Union [1] , which enforces a unified European market for the railway transportation of both cargo and 
personnel. Nowadays there are directives in place which decree the liberalisation of the interstate 
railway transportation of personnel. Starting in 2034 at the latest, railway transportation is supposed to 
be fully provided through public market competitions. The attempt to unify the security levels within 
the entire European Union is a second aspect of the efforts towards a unified railway market and 
transport infrastructure. 

Therefore of the utmost importance to carriers are the attributes of the rolling stocks, which can be 
offered to their customers (respectively directly to the passengers, in the case of non-subsidiary 
transport routes). 

As a general rule, the competitive environment increases the push towards increasing the internal 
process performance and the demand for the quality of the offered product. Transportation time is a 
decisive factor for most passengers and customers in public transport [2]. 

1.1 Dependability Standardisation 

The latest edition of the International Electrotechnical Commission came into effect in 2015 [3]. The 
definitions in this document are further adopted by other norms. For the temporal attributes of the 
quality of the given object, the unified term dependability is used, which is why the dependability of 
rolling stocks is of crucial importance regarding the quality of railway transportation as perceived by 
the customers. 

In general, the dependability of a given object can be either inherent or operational. Inherent 
dependability is the result of the quality of the project and vehicle manufacture and it does not change 
over time. Operational dependability is partially influenced by the magnitude of inherent dependability, 
although it is dependent on a large number of other factors, which can be influenced mainly by 
maintenance and its provision. 

In the railway industry, the EN 50126 norm (first issued in 1998) can be considered as the first 
international norm regarding the dependability on our territory. For vehicles of different modes of 
transport, there have been branch norms for quality and dependability in place for about 50 years 
already. As stated by Michal Vintr,  in the railway industry, dependability is understood as something 
slightly different than in other industrial branches[4]. 

The prevailing model in passenger railway transportation in the Czech Republic is the following - the 
railway carrier owns the vehicles and directly provides the basic maintenance through their own 
employees,  a higher degree of maintenance is then provided by external suppliers in some cases. Until 
recently, the carriers have not been required to track and evaluate the dependability of rolling stocks 
through standardised indicators and attributes,  thus the importance of the standardised indicators has 
been growing over the recent past years. Due to the global changes regarding the field of company 
management, the model of Integrated Management System has been growing in popularity since 
standardised indicators have a much larger importance within this model. The regulatory decrees 
concerning safety now determine new requirements for the evaluation of safety in cases of alterations 
and modifications of vehicles already approved for operation. The vehicle construction alteration 
approval process is more rigorous and it can be assumed that with the employment of standardised 
indicators, the implementation of the required construction alterations can be markedly less difficult. 
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1.2 The Changes in the Management of the České Dráhy, a.s. Company 

The České dráhy, a.s. (ČD) company has provided the data sources necessary for the composition of 
the dissertation. The research objective which has been reached using this data has thus been influenced 
by the current environment in the ČD company.  

The maintenance of rolling stocks is directed by the internal V25 norm within the ČD company. The 
current issue of this norm is in effect since 2000. It sets down the dependability requirements only in a 
general manner and it does not determine any specific indicators through which the vehicle 
dependability would be systematically evaluated. 

In July 2018, the original ČD management units have been abolished, i.e. the Rolling stock depots, 
which provided the operation and maintenance of the rolling stocks in a complex manner. The 
management changes in the ČD company resulted in the management units ensuring the operation of 
vehicles and the Regional maintenance centres (facilitating the management and maintenance of rolling 
stocks) to be expressly separated. 

A new reinvented edition of the V25 norm is currently in preparation, which is supposed to not only 
take into account the inter-management alterations in vehicle maintenance but also to fulfil some of the 
legislative requirements regarding the provision of maintenance including all of the required 
documentation. 

Although general standards and norms for dependability have already existed in the past, railway 
carriers have thus far not been required to evaluate vehicle dependability directly through the indicators 
gathered from the data regarding operation and maintenance. 

1.3 Vehicle Management and Maintenance Information Systems 

Following the technological advances, the requirements for the usage and evaluation of data and 
information are also increasing,  which is concurrently a direct requirement of the quality management 
norms. 

The Enterprise Asset Management (EAM) information systems are used to facilitate the maintenance 
and management of technical devices. 

Related to the „Industry 4.0“ initiative, the integration and factual interoperability of information 
between individual systems and devices is taking place, the devices communicate with each other 
without any human involvement, and thus, the Internet of Things (IoT) phenomenon emerges. The 
coming of Industry 4.0 is associated with alterations to the maintenance of devices by some authors. 
With the term "preventive maintenance 4.0" they are referring to the maintenance strategy, which 
employs an extensive data and information analysis to direct the maintenance interventions,  the data 
is gathered from the continuous data flow coming from the sensors of the maintained objects and the 
environment in which they operate. 

The current EAM system inventors are attempting to integrate these resources directly into their 
products,  and concurrently they create modules which adhere to the specific requirements for the 
management and maintenance of devices in the given industrial branch. All of the foremost EAM 
system invention enterprises provide extensions specifically for the management and maintenance of 
transportation vehicles, respectively specifically for railway vehicles,  while at the same time providing 
the IoT functionality and other technologies. Thus, a single system can integrate the management and 
maintenance of rolling stocks with the workplace safety during maintenance and qualification plans of 
the maintenance personnel today. 
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1.4 Working with the Vehicle Maintenance Data 

The Current Situation at ČD 

The SAP company information system is integrated within the ČD environment. The Plant 
Maintenance module has been implemented in 2005. Currently, only the information about the daily 
mileage in kilometers is automatically loaded into the module, all of the other data (operation hours of 
certain combustion engines, the data gathered by the measurements intended for vehicle technical 
inspection etc.) is entered into the system manually. Even the contracts for vehicle maintenance and 
completed work reports are entered manually. The information system primarily serves the purpose of 
tracking the company finances and keeping records of the documents required by the legislative, 
including some of the values gathered by the measurements intended for vehicle technical inspection. 

The ČD is preparing the upgrade of the system database to a new technology, the SAP HANA. This 
technology will make it possible to process large volumes of data and to immediately analyse it,   thus 
in the future it will be possible to use new technologies from the data mining field concerning the 
technical condition of vehicles and their analysis. These tasks are currently performed by maintenance 
engineers separately from a unified information system. 

Data Collection and Evaluation Abroad 

The degree of evaluation and collection of data regarding the dependability of rolling stocks differs a 
lot abroad, one example in the field of transport vehicles is that the European Commission decreed the 
"holders of transport vehicles" to uphold several duties ensuring safety. Based on this decree Poland 
has implemented the methodology which implements the evaluation of dependability attributes stated 
in the 50126 European norm. This methodology is described in detail by the collective of authors led 
by professor Sitarz [5]. 

Several foreign enterprises, which operate with rolling stocks and which the author was able to gather 
the necessary information about, evaluate availability based on the tracking of the time intervals needed 
for maintenance and time periods over which the vehicles can fulfil the desired transportation functions. 
Further attributes, such as reliability, maintainability or maintenance support performance, are however 
not tracked by them. Furthermore, the enterprises do not track the causes of failures (which cause train 
delays) in much detail, neither do they track the reliability or maintenance support performance. 

The degree of tracking and evaluation of partial attributes of dependability, the record keeping and 
evaluation of causes which diminish it, are seemingly all dependent on the size of the company and its 
resources regarding the ability to afford the corresponding information systems. 

Large enterprises employ advanced systems which transfer the measured diagnostic values directly into 
EAM systems, in their vehicle diagnostics. The Mainnovation and PwC companies have performed a 
research effort aimed at the application of the Preventive maintenance 4.0 technology and the results 
show the companies in the railway industrial branch in Germany, Belgium and Netherlands are at the 
forefront in terms of implementing these new technologies [6]. 

2.     Dissertation Objectives 

Due to the changes in the market environment, the main motive behind the determination of the 
dissertation objective was the relation between the customer expectations and the conduction of rolling 
stock maintenance, and thus the formulation of the dissertation objectives and the procedures of the 
conducted research can be characterised with the following formula: 
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Customer expectations →  QUALITY → DEPENDABILITY → MAINTENANCE of rolling stocks. 

The first partial objective of the composed dissertation is thus to identify the customer expectations and 
to describe their requirements regarding the quality and dependability of rolling stocks. Processing this 
methodology was the starting point for further stages of research. 

2.1 Evaluation of Vehicle Dependability Based on the Available Data 

Through the fulfilment of the research objective (to describe customer requirements) were identified 
the primary attributes based on which the contractors of public railway transport evaluate its quality 
and dependability. Thus, the expected dependability of rolling stocks is de facto also determined. 

The next objective of the dissertation was to create the indicators for the evaluation of vehicle 
dependability, which use routinely collected data by the carrier (ČD) and through which the degree of 
attribute fulfilment (which is of customer interest) can be periodically tracked. The basic requirement 
for the data usable for fulfiling this objective is its credibility. 

2.2 Using Dependability Data to Manage Vehicle Maintenance 

The indicators which were created based on the previous objective directly reflect the customer 
expectations through reliable data, however, they do not necessarily lead towards the determination of 
causes preventing the increase of vehicle dependability, and thus they cannot contribute to the changes 
in vehicle maintenance and the overall increase of the degree of railway transport quality. 

Therefore, another objective of the dissertation was to determine the usable data structures and to 
propose indicators which can serve the maintenance managers and engineers in deciding for measures 
and changes in vehicle maintenance. The credibility of data necessary for fulfiling this objective is 
however no longer guaranteed. An important step in this stage of research was to verify whether there 
are suitable data fields in the information systems, which would be usable after changing the data 
collection methodology along with certain other alterations, and the bridging of the inertial systems. 

Determining the methodology which could be used to evaluate some of the dependability attributes 
from an operationally-economic perspective, was a specific objective in this stage of research.  

3.    Processing Methods and Manner of Solution 

To perform a marketing research among the passengers, which could describe their expectations in 
transportation quality and dependability, would be above the scope of the dissertation - the 
identification of customer expectations has been performed in the form of research of the contracts 
between public transportation personnel clients and the carriers. Since the clients are either self-
regulatory bodies or state authorities, and transportation for public benefit is financed by public 
budgets, thus also the contracts facilitating such transportation are publicly available. In total, 5 
contracts and 1 transportation provision supply competition documentation have been analysed. 

3.1   Train Delay and Kilometre Mileage Data Analysis 

There are three perspectives from which transport clients evaluate vehicle dependability from: 

•  train delays, 

•  adhering to the planned ordering of train units (adhering to planned quality norms for train units), 

•  the dependability of onboard devices in train units. 
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The third perspective employs evaluation using spot checks; however, the data regarding them was not 
available to be processed in the dissertation. 

 

Train Delays 

Investigations into train delays within the ČD environment used to exist in the form of dispatcher orders 
and admonitions. To make the routine analysis of the data from these documents possible, the 
dissertation author created his own software using the Visual Basic programming language 
functionality in the Microsoft Word software - the data collection was standardised using this custom 
software. Based on this the author created his own methodology for data collection and train delay 
evaluation. The train delay data research method was the conduction of a range of analyses which differ 
in their purpose and usage of specific values, which have been gathered for the purpose of train delay 
evaluation. 

The Evaluation of Vehicle Deployment Based on Kilometre Mileage 

It is not possible to obtain data that would be immediately usable for the evaluation of the adherence to 
the planned ordering of train units from the current information systems used for vehicle maintenance 
- this is caused by the absence of an information link between the operation and maintenance systems. 
One of the credible quantitative data sources regarding vehicle operation is their mileage, which is 
entered into the system daily. 

For the evaluation of vehicle dependability based on kilometre mileage, the comparison of the statistic 
files representing different vehicles or vehicle groups is included in the dissertation. For such 
comparisons, "box plots" can be used for our advantage. 

The method of comparison between the empirical mileage of vehicle fleets designated for the given 
transport route and the created theoretical operation model is included in the dissertation for the purpose 
of periodical evaluation of the adherence to the deployment of vehicles in trains. From this comparison 
of daily values, time series have been prepared. As one out of the available methods for their analysis, 
the application of the Box-Jenkins methodology "ARIMA models“ is included in the dissertation. 

Then, from their application coupled with the analysis of the time series, several conclusions can be 
reached regarding the fulfilment of the anticipated operation concept at the given route and the actual 
operation security attained by the given vehicle groups. 

3.2 Investigations of Data Structures for Dependability Management 

Due to the fact that from the evaluation of kilometre mileage no conclusions can be drawn within the 
ČD environment regarding the causes of operation failures for specific vehicles, it is necessary to 
specify other indicators for the management of maintenance and de facto also the dependability of 
vehicles. In order to create the possibility of determining the causes of the decrease in the degree of 
vehicle availability, it is appropriate to evaluate the following attributes - reliability, maintainability 
and maintenance support performance. 

The usage of standardised indicators for dependability evaluation carries many advantages, however, 
for them to be applied, it is necessary to identify the individual time periods and intervals in which the 
rolling stock can find itself in. 

As a part of composing the dissertation, the time intervals in which a given rolling stock can find itself 
in over the duration of its operational and maintenance life cycle have been identified. They have been 
identified through the general period description (stated in [3]), for some of these intervals the 
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description of their current records in the ČD environment is included in the attachment of the 
dissertation. 

For the purposes of analysing the usability of the data which has been determined by the previous study, 
we have merged the data from the databases: Operation performance data archive (using the PARIS 
task) and the SAP Plant Maintenance module information system. 

The data usability analysis itself was conducted according to an unified methodology through 
experiments. The experiment has been evaluated as successful if for the randomly chosen attributes, 
Weibull distribution parameters have been found that would not necessitate the refusal of the data 
distribution approximation hypothesis based on a χ2 Pearson's chi-squared test. 8 experiments using 
different statistical files are presented in the dissertation, the files are mutually related and they have 
been created using the maintenance and operation data regarding vehicles designated for specific 
transport routes in both regional and long-distance transport. 

To demonstrate the importance of tracking the time intervals, the dissertation includes the application 
of the multivariate random variable. It is possible to determine the need for a backup vehicle using a 
random attribute determined by the previous step using the method published in [7] with minor 
alterations. 

4.    Achieved Results 

The contract research shows that the expectations of the majority of transport clients regarding vehicle 
dependability can be described through two main attributes: accuracy indicator and adherence to the 
ordering plan (Figuere 1). 

The accuracy indicator is a form of a certain expression of the relation of train delays to the total ordered 
transport performance. The threshold value for train delays which the clients are normally willing to 
tolerate is approximately between 5 to 10 minutes, and the threshold value for delays in case of which 
the clients are no longer willing to compensate for the train operation expenses is approximately 
between 30 to 60 minutes. 

 
Figure 1. Dependence of the public transport customers’ expectations and the dependability of rolling stock 

The indicator of the adherence to the ordering plan is an expression of the relation between the number 
of trains which are formed by planned vehicles, to the amount of all ordered transport performances. 
For clients, the acceptable value of this attribute is approximately between 90 to 98 %. 

4.1 The Possibilities Regarding Train Delay Analysis 
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As a part of the research necessary for the composition of the dissertation, a new comprehensive 
methodology for collecting data regarding train delays has been employed. The data which was 
successfully gathered over the duration of the application of this methodology can be processed into 
analyses and indicators, which can then be used to identify the real causes of vehicle malfunctions that 
cause the delays. An example of the analysis is depicted in Figure 2. 

To achieve a blanket application of the stated methodology, it is appropriate to integrate the information 
and to minimise manual data entry - a proposal for the integration of information through the linking 
of several data sources is described in the dissertation. 

 
Figure 2. Pareto analysis of the causes of train delays due to vehicle failure  

4.2 The Evaluation of Rolling Stock Availability 

Even though no exact statements regarding the standard dependability attributes can be found in the 
contracts between the clients and the carriers, it is clear that one of the dominant vehicle attributes in 
relation to the customers is its availability. 

The dissertation includes a description of the indirect evaluation of the degree of availability of a 
vehicle fleet using the kilometre mileage data. With the aid of the comparison between empirical values 
and the planned operation theoretical model, it is possible to evaluate the degree of customer 
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expectation fulfilment at specific transport routes. In the ČD environment, an advantage of the 
described method is that it is not necessary to collect new data, or more specifically, to alter the 
methodology for collecting the used data. However, its disadvantage is the limited ability to identify 
the causes of diminishing availability of specific vehicles, yet the basic information about the 
development of the vehicle group availability can be gathered using the method. (See Figure 3.) 

 
Figure 3. Time series of differences in empirical and planned runs of selected fleets of vehicles 

Vehicle availability is dependent on attributes which need to be tracked and evaluated to enable the 
identification of causes which decrease vehicle availability [3]. An appropriate data source has been 
identified for maintainability and partially maintenance support performance through the research of 
current data structures, and the random attributes determined by this data can be approximated through 
known distribution. Thus, the result of this part of the research is the conclusion that current data 
structures provide the data appropriate for vehicle dependability evaluation using standardised 
indicators. The partial results are the conclusions drawn from the evaluation of individual attempts at 
approximating various random attributes. The results show that the corresponding evaluation of 
dependability attributes requires the analysis of data, which is specifically collected for the 
dependability evaluation, among other reasons. 

The Operationally-Economic Perspective 
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Figure 4. Need for backup vehicle depending on the maintenance time that exceeds the scheduled interval by a 
random vector 

A partial result of the dissertation is the verification of the applicability of the multivariate random 
variable for determining the need for a backup vehicle. It is then possible to quantify the degree of need 
for a backup vehicle for various degrees of maintainability and availability (See Figure 4.). The method 
can generally be applied to random variables without any regard for their physical dimension, and it 
can also be beneficially applied to smaller vehicle fleets designated only for selected transport routes. 

The possibility of investigating the impact of maintenance support performance and maintainability on 
the need for further backup vehicles can be significant in the consideration regarding the provision of 
alteration of individual vehicle dependability data collection systems. 

5.     Dissertation Contributions 

The basic requirement for quality management systems is customer orientation. The dissertation 
includes a new description of the relation between customer expectations and vehicle dependability - 
it is apparent that individual transport clients have different requirements. Yet, based on the analysed 
public contracts, it is possible to determine two primary attributes which involve the total vehicle 
dependability, or more precisely the availability in fulfiling the desired transport role. 

5.1 Using the Train Delay Data 

For it to be possible to conduct a more detailed analysis of the causes behind train delays, the 
dissertation author created his own software for train delay data collection. Then, based on this data, 
he proposed a methodology for its evaluation which enables the analysis of the possible causes behind 
malfunctions and to consider measures for vehicle maintenance which would minimise the occurrence 
of train delays, thus generally it is possible to fulfil the requirements for quality management systems 
regarding the improvement of processes based on data evaluation thanks to the methodology and its 
application proposed by the author. 

The dissertation includes several data analyses and examples of train delay studies, some of which can 
be generalised and applied to any given carrier. Some of them can also be applied for ČD when an 
appropriate data structure is used. The published examples are most often only general descriptions, 
but they can provide valuable information for workers involved in vehicle maintenance and operation 
when applied to a given vehicle group. 

A description of the proposal of the integration of information from various information systems 
currently used in ČD is included in the dissertation. The advantage of such integration would be the 
routine collection of data regarding the occurrence of train delays, which is only slightly intensive in 
terms of manual data entry by the workers at the given units. The implementation of the described 
proposal would enable the creation of an objective summary of the train delay issue, based on which 
the considerations regarding the alterations needed to minimise the negative impact on customers could 
take place. 

5.2 Dependability Attributes and their Evaluation 

The dissertation includes a description of a method of indirect evaluation of availability based on the 
data regarding the daily vehicle mileage. Since there is no link between information systems which 
would enable the tracking of the functional conditions of vehicles, as well as their transport 
performance, in the ČD environment, the usage of kilometre mileage analyses is one of the few options 
in terms of quantitative evaluation of the dependability degree. 
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The method of comparison between the real mileage of vehicle fleets and the vehicle fleet theoretical 
operation model can be used without any large requirements for information system alterations. 

Since the causes behind the decrease of dependability in specific vehicles cannot be determined using 
the methodology of fleet dependability degree evaluation, the author also focused on the options 
regarding the evaluation of availability and other standard vehicle attributes. For the purpose of their 
tracking, the current options regarding the usage of data in the ČD environment are published in the 
dissertation. Furthermore, a new delimitation of time intervals according to the responsibility of vehicle 
operation and maintenance units is also published in the dissertation. This delimitation is a key factor 
in further analyses of risks attached to vehicle dependability, precisely in the manner specified with the 
current quality management systems norm. 

The dissertation describes the research of the applicability of the indicators for maintainability and 
maintenance support performance, based on which it is possible to acquire a real perspective on the 
current condition of the data in the ČD environment. Due to the developments in the areas of legislation 
and railway transport market, it can be presumed that in the future it will be necessary to track and 
evaluate the dependability using the standardised comparable attributes. The published research of data 
evaluation for such dependability attributes shows that the quality of the data has crucial influence over 
the results. A key factor for the researched issue is also the collection of data with the purpose of 
dependability evaluation. A large contribution of the conducted research is the gathered insight 
regarding the significance of the collection of specific data, which is credible and usable for the 
evaluation of dependability in railway transportation. This applies generally for all carriers and subjects 
operating in the passenger rail transport industry. 

The dissertation includes a description of a method for determining the need for a backup vehicle using 
the multivariate random variable. This method can be used to appropriately interpret the impact of the 
alteration of attributes such as availability, maintainability or maintenance support performance, on the 
operationally-economic planning and other internal processes of carriers. Its inclusion in the 
dissertation has primarily the purpose of demonstrating the significance of dependability evaluation in 
maintenance management. The basic requirement for the procedural access of the organisation includes 
the application of the PLAN-DO-CHECK-ACT cycle to attain process improvement. If the degree of 
dependability required by the customer is to be safely attained, it is necessary to also continually 
improve the railway vehicle maintenance and management process. Without the information entered 
in the CHECK phase, the systemic increase in vehicle dependability cannot be ensured. 

In the present day, a large number of technically-technologic assets (e.g. IoT, Preventive maintenance 
4.0) are available, which enable the collection and analysis of significantly larger volumes of data, than 
there were in the recent past years. The usage and implementation of these assets can currently (and in 
the future) provide the carriers with significant advantages compared to their competitors. The author 
of this publication attempted to contribute to the general insights regarding the facts about which data 
is worthy to be collected and evaluated to attain the improvement of railway vehicle dependability and 
maintenance  
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INTRODUCTION 

This work is focused on the issue of external transport effects focusing on the positive externalities of 
transport and their complex analysis in context of economic evaluation of transport projects. Based on 
the analysis of the economic evaluation of negative externalities in transport and methods that are used 
to their evaluation, selected methods are used to evaluate the positive externalities in transport using 
case studies. Based on case studies, the road and rail specifics are interpreted and suitability of the 
selected methods for the evaluation of positive externalities in transport is assessed. 

The first case study deals with the area of time savings valuation based on traffic-economic behavior 
of the population combined with the methods of willingness to pay and willingness to accept. Next case 
study examines the impact of the proximity of the transport infrastructure on the cost of apartments, 
where the hedonic price method is applied. This method most often determines how environmental 
factors are reflected in the market price of real estate. Next case study evaluates the benefits of the 
construction of transport infrastructure and its impact on changes in the business environment 
considering passenger road and rail transport. The latest case study looks at the benefits of improving 
the quality of public transport using Level-of-service rating method. 

1. ANALYSIS OF THE CONTEMPORARY STATE IN THE FIELD OF THE THEME
DISSERTATION

The term positive externality refers to a situation where one entity's business benefits another entity 
and does not have to bear the costs associated with it. From the economic point of view, positive 
externalities are market failures and allocation inefficiencies resulting from inaccurate ownership 
rights. State authorities can respond to these externalities by explicitly defining ownership rights or 
promoting internalization of externalities, as described by Hořejší et al. (2012).  

As with rail transport, the development of road transport is linked to historical trend and development 
of the transport policy. At present, the greatest benefits of the road sector can generally be seen at these 
points (Zelený, 2007): 

- door-to-door transport system, 

- dense network of road infrastructure, 

- high variability of means of transport, 

- speed, operability and almost unlimited accessibility, 

- adaptability to changes in demand, 

- public transport systems in combination with rail transport, 

- an irreplaceable role in multimodal transport for shorter distances. 

On the other hand, the increase in popular road transport brings a number of problems to users, which 
are reflected in the negative cost-benefit analysis in the negative externalities. Geographically a 
demographically dense network of road infrastructure is often a criticized for its poor quality and 
neglected maintenance. In terms of positive externalities, the benefits of this mode of transport can be 
considered in the assessment of transport projects compared to the considered alternative modes, eg 
different travel speeds, availability of infrastructure and level and quality of service.  

The specificities of rail transport come largely from the historical context of transport development. 
Tracks could lose importance over a decade, change purpose (eg, transformation of industry, strategic 
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military requirements), or completely disappear from the point of view of economic inefficiency. 
Therefore, the dense railway network can be perceived by one as positive and others as dearly 
maintained inefficient luxury. Zelený (2007) sees the largest benefits of the railway sector in the 
following points:  

- very low accident rates and a rare incidence of emergencies, 

- elevation profile of railway track is more energy-efficient than the elevation of roads, 

- high transport capacity of trains, high load capacity of trucks, 

- lower susceptibility of transport infrastructure to damage due to frequent inspections, 

- less dependence on weather conditions, 

- traffic safety through dispatcher control, 

- fast forwarding (corridor lines), 

- comfort of traveling high-end trains is comparable to air travel, 

- lower environmental impact (electrical traction, converted to performance), 

- an important role in multimodal transport in long-distance transport. 

Prentice and Mazurek (2010) divide the hierarchical framework to classify the benefits of transport to 
direct benefits, conditional (or mitigating) benefits, incidental benefits and tertiary benefits. These 
benefits are presented with a verbal evaluation or subjectively ranked according to a particular criterion. 
The economic assessment of intangible benefits is usually based on the best estimate or the evaluator's 
experience, when the so called shadow price principle is applied. Rodrigue (2017) classifies the benefits 
of direct, indirect, and derived.  

Valuation can be divided into a pricing approach according to Blum (2008), where the value of 
externality is defined by the corresponding price in the private market, which in most cases is related 
to the costs of repair or damage, a substitution approach where the external value is defined by the 
possibility of replacing the source, technology or farm, while preserving its original quality and 
attributes, a risk approach where the value of externality is defined by a discounted expected monetary 
value based on risk assessment and a utility approach where the value of externality is defined by 
willingness to pay to reduce negative effects.  

Špalek (2005) sets out two basic ways of regulating externalities, namely public solutions that focus on 
bringing private costs associated with the production or consumption of a farm that negatively or 
positively externalize the cost of social private solutions that are related to the operation and functioning 
of the market.  

Analysis of the issue of evaluation of positive externalities in the Czech Republic 

In the Czech Republic Ing. Mgr. Hana Brůhová-Foltýnová, Ph.D deals with issues of externalities and 
their influence on the environment. She focuses mainly on the environmental issues of negative 
externalities and their internalization, both in their own publications and in publications projects of the 
Ministry of Transport. The problem of positive externalities is briefly discussed in "Transport and 
Society" by Brůhová-Foltýnová (2009). The field of external transport effects and their quantification 
is also discussed by Mgr. Vojtěch Máca, Ph.D. (2013) and Ing. Jan Melichar, Ph.D. (2005, 2013), both 
currently working for Center for Environmental Issues of Charles University.  
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In 2016, the Central Committee of the Ministry of Transport approved the material "Prováděcí pokyny 
k Metodice pro hodnocení ekonomické efektivnosti a ex-post posuzování nákladů a výnosů projektů 
železniční infrastruktury, pozemních komunikací a dopravně významných vodních cest", which is a 
binding document for assessing the economic efficiency of projects that are co - financed by OPD funds 
in the 2014-2020 programming period, and projects exclusively financed by SFDI fund and projects by 
private non-state investors co-financed from their own resources. On 15 November 2017, the 
"Prováděcí pokyny pro hodnocení efektivnosti projektů dopravní infrastruktury" came into force, the 
integral part of which is the "Rezortní metodika pro hodnocení ekonomické efektivnosti projektů 
dopravních staveb". 

The evaluation of the economic efficiency of projects in the Czech Republic is based on the HDM-4, 
which has been developed since 1993 by the University of   Birmingham, and its support and funding, 
including the World Bank, the British Ministry for Foreign Cooperation and other institutions. HDM-
4 compares different investment options.  

Efficiency assessment of road and motorway constructions is carried out on the basis of CBA analysis, 
using net present value (NPV), internal rate of return ( IRR) and return on investment costs (BCR).  

Current status analysis in abroad 

Goodwin and Persson (2001) summarize the most appropriate approaches in the evaluation of positive 
externalities in “Assessing the Benefits of Transport”, but it is only a certain methodological guide, 
which also contains suggestions for expert discussion. 

The issue of transport benefits is one of the main field area of the founder of the independent Canadian 
organization Victoria Transport Policy Institute, Mr Todd Litman, who is often quoted in thematic 
studies. For example Litman (2001) is the author of the publication "Evaluating Public Transit Benefits 
and Costs , Best Practices Guide".  

An interesting publication is also the "Guidebook for Assessing the Social and Economic Effects of 
Transportation Projects" by Forskenbrock and Weisbrode (2001), which provides a handbook for US 
authorities dealing with the social and economic impacts of transport projects on surrounding 
communities.  

The assessment of impacts on land prices depends on the point of view. This is demonstrated, for 
example, by the studies of Iacon and Levinson (2011) or Cao and Hough (2007), who present different 
findings and results in this field area.  

In terms of use Cost- Benefit Analysis, according to OECD / ITF (2008) the Cost- Benefit Analysis - 
in terms of a comprehensive economic evaluation of public benefit projects – is not used so much to 
evaluate infrastructure-investment infrastructure projects. And if CBA assessment methods are used, 
they are used to evaluate smaller projects in road transport and mostly in rural areas. In these cases, the 
benefits of, for example, increased traffic safety are higher than travel time savings. And since funding 
is dependent on the nature of the project (laying new surfaces, increasing capacity, increasing safety), 
the focus is mainly on the cost effectiveness. The OECD / ITF publication (2008) further notes that 
Cost- Benefit Analysis is systematically applied in northern European countries, although they are 
mostly the only input of the decision-making process. In the UK, the CBA is used systematically, which 
together with the document the environmental impact of the project and the multi-criteria analysis 
presented to those who ultimately decide on the future of the project. At the same time, however, factors 
that are difficult to evaluate, are taken into account.  
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Some experts also point to the diversity of short-term and long-term objectives, underlining that policy 
decisions are often motivated only by short-term goals. According to Hallsworth et al. (1998) or 
Seidenglanz (2006) it is just a typical example of a sector in which attempts at political regulation to 
create unintended consequences are very vulnerable.  

The dissertation thesis presents several case studies from abroad dealing with the appreciation of 
benefits, respectively positive externalities in transport.  

Model Example 1 - Transit Improvement Economic Evaluation Model 

Study "Benefit / Cost Analysis Of Converting A   Lane For Bus Rapid Transit " from the National 
Academy of Sciences , Engineering , and Medicine (2009) outlines the costs and benefits of valuing 
transport projects in the USA, which addresses the allocation of one lane for public transport. This 
study provides relatively complete an idea of what benefits costs can generate transport projects focused 
primarily on road transport.  

Model Example 2 - Benefits of Public Transport in Montreal 

Study "Public Transit: A Powerful Engine For The Economic Development Of The Metropolitan 
Montreal Area " by Board of Trade of Metropolitan Montreal (2004) sought to quantify the benefits of 
public transport in Montreal, Canada. This study investigated the links between public transport, 
economic development and quality of life. The study also mentions a relatively strong relationship 
between rising urban public transport and increasing competitiveness and urban metropolitan 
agglomerations, as well as factors influencing the growing popularity of public transport.  

Model example 3 - New railway line in the region 

This study addresses the new railway line project, which would cost US $ 250 million, annual operating 
costs would be US $ 5 million, daily would attract 10 thousand new passengers, or equivalent would 
be 2.2 million rail journeys per year, half of which would was a substitute for automotive transport. 
Contrary to the rules used to assessing rail projects in the Czech Republic, the study also calculates a 
series of direct and indirect positive benefits that have the character of so-called wider economic 
benefits for the micro-region or larger territorial unit. Study of the high-speed rail project in Great 
Britain by The Department for Transport (2011) also includes wider economic benefits.  

Model example 4 - CrossRail high-capacity rail 

Crossrail is a high-capacity railroad project within the London agglomeration, characterized by a high 
frequency of connections. Materials by DfT (2011) and GVA (2017) report as the main benefits of the 
rail network decrease of congestions in London, creating reliable backbone connections, better access 
to investment opportunities and the generation of job opportunities.  

Interesting is the interpretation of benefits that do not fall under the conventional assessment of 
Transport Infrastructure Projects (CBA). According to estimates, Crossrail should also raise the total 
cost of residential and commercial real estate near the Crossrail network. Residential object values 
should increase in central London by 25% and in suburban areas by 20%, as reported by the British 
Ministry of Transport ( DfT , 2005).  

The issue of positive externalities, or the benefits of transport, has not been widely resolved in EU 
legislation. Greater attention is therefore still being given to negative externalities, as harmonized 
conditions and a methodical procedure for the internalisation of external costs in EU (HEATCO) were 
published. The world's most widely used HDM-4 methodology in the world basically takes into account 
time valuation (passenger or cargo), savings from accident, noise and noise reduction emissions as 
benefit considerations. 
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The disadvantage of CBA is that it gives space to interest groups to manipulate inputs and outputs. 
Often, the relevance of inputs or the exclusion of important cost aspects is also questioned. Conversely, 
well-thought-out, meaningful and sustainable transport projects may come up with incomplete or 
incorrectly-designed analysis of the benefits of projects that might otherwise have a positive influence 
on the decision-making process.  

2. AIMS OF THE DOCTORAL THESIS

There are a number of studies dealing with negative transport externality, but only a few studies 
available that deal with the economic evaluation of positive externalities in conditions of the Czech 
Republic. The question is how methods for evaluating negative externalities in transport can be used 
for valuation of positive externalities and what the areas of practical application of these methods are. 
The following objectives were set for the dissertation: 

Synthesize knowledge related to the evaluation of negative external effects associated with 
transport and assess the possibilities of using these methods to evaluate positive externalities. 

Create suggestions for using selected methods of evaluating negative externalities to evaluate 
positive externalities using case studies. 

3. LIST OF USED METHODS

Here are the most common methods used for assessing transport externality. These methods mainly 
relate to measurement of negative transport externalities. There are a number of studies and materials 
dealing with the assessment of the negative impacts of transport such as CE DELFT (2008), INFRAS 
/ IWW (2004), including later updates, ExternE (2005) or HEATCO (2006); on the contrary, only a 
limited number of studies or expert articles dealing with positive externalities. 

Hedonic price model 

This is one of the oldest approaches to determining the demand for non-market commodities. This 
method determines how much of the difference in property prices is due to a certain difference in the 
environmental properties of properties and how many people are willing to pay for improving 
environmental performance, Garrod and Willis (2000). In the case study presented in chapter 4.2., a 
hedonic pricing model is applied using correlation and regression analysis, such as Forrest et al. (1992), 
who in his study examined the influence of city railways on the property price in Manchester. Forrest 
et al. (1992) found the mildly negative influence of urban railways on the price of properties near them, 
which explains above all the increased noise burden, increased movement of the users around the 
station and frequent traffic congestion around the traffic junction. Haripriya (2014) states that the 
hedonic price method is very demanding in terms of input data. In order to estimate the hedonic price 
function for a particular market, it is necessary to have a large number of observations describing both 
sales prices and numerous property characteristics in a given market. The biggest advantage of this 
model is that it is based on real market observation. At the same time, however, it is assumed that 
respondents are fully aware not only of the actual noise burden, but also possible negative impacts in 
exposure to this noise load. This can often lead to distorted and   unrealistic conclusions that differ from 
professional literature as well.  

The travel cost method 

This method is based on an expanded theory of consumer demand and is based on quantification of the 
environmental benefits of public goods or damages associated with the loss of these benefits, which are 
derived from travel costs. Just as the hedonic price method belongs to the methods of revealed 
preferences, as reported by Melichar (2005). The main idea is to determine the financial and time-
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consuming nature of the visit to the recreational area. Analyzing how people respond to travel costs 
can be determined by awarding natural assets.  

Random utility / discrete choice model 

Špalek (2005) states that, unlike the travel cost method, random utility / discrete choice model to 
evaluate the properties of the sites under consideration. The principle consists in explaining the choice 
between two or more goods with variable levels of an attribute. This model can be applied as a 
superstructure in the case study presented in Chapter 4.1, which deals with time appraisal (WTP and 
WTA) depending on the mode of transport chosen for the given session based on the population's 
traffic-economic behavior.  

Contingent valuation method (stated preference method) 

According to Šauer (2007), it is a method of out-of-market valuation and valuation of natural goods, 
which by means of a questionnaire survey finds a hypothetical willingness to pay for an environmental 
item, a hypothetical willingness to accept compensation for damage. For a more detailed description of 
the application of the conditional assessment method, see Boyle (2003) or Melichar et al. (2008).  

Willingness to pay (willingness-to-pay - WTP) 

According to Kršková (2011) this method represents the maximum amount a subject is willing to pay 
to gain some benefit or, on the contrary, to avoid negative consequences. Blomquist (2003) criticizes 
the WTP model for being too much burdened by the budget options or limitations of the subject 
involved, ie it is directly dependent on the distribution of wealth in society. This leads to a relatively 
different WTP in countries that are relatively similar from other angles (for example, culturally or 
historically), as Kršková (2011) mentions.  

Willingness to accept compensation (willingness To Accept - WTA) 

The opposite of willingness to pay is the willingness to accept that Kršková (2011) defines as the 
minimum amount that the body is willing to accept to accept some unwanted or negative consequences. 
Kršková (2011) mentions the shortcomings of the WTA model in that when the subject decides only 
on the basis of how much he would accept, his valuation is too exaggerated, ie he will usually say more 
than the perceived value (benefit) of the farm. Both methods (WTP and WTA) are in   the dissertation 
work was used in calculating the estimations of positive externalities of transport, especially in 
combination with   method of preference.  

Level-Of-Service 

Level-of-service rating is a method used to assess the quality of transport and, unlike the above 
methods, Litman (2008) currently focuses on the evaluation of positive externalities, due to improved 
transport planning and decision-making based on a comprehensive quality assessment of the survey of 
the transport system. It was created to solve traffic flows, congestions and related traffic planning. 
Within the LOS ratings, the A (best) to F (worst) assesses travel conditions (use of the transport system) 
to identify problem areas and generally evaluate the quality of the examined transport system. The 
method of assessing the quality of the transport system using LOS ratings is applied in a case study to 
assess the change in the quality of urban transport in Pardubice city, presented in chapter 4.4.  

Market price method 

Špalek (2005) defines market price as a price that balances supply and demand in conditions of perfect 
competition. Distortions in the form of imperfect competition, incomplete use of resources, taxes, 
subsidies or externalities can be eliminated through adjustments to so-called shadow prices. This 
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method is used in the case study presented in Chapter 4.2. to investigate the impacts of the proximity 
of the transport infrastructure on property prices.  

Scientific methods  

The following scientific methods are used during the dissertation:  

- analysis and synthesis ,  

- deduction and induction ,  

- case studies, system approach,  

- multi-criteria analysis , Saaty's method,  

- regression analysis and correlation,  

- analysis of statistical data,  

- questionnaire survey.  

The description of the individual methods and the possibilities of their application can be found in 
relevant chapter of the dissertation. 

4. PROBLEMS SOLVING

Four studies are presented in this chapter, which includes the application of selected valuation methods 
used for valuation of externalities. 

Case study - Time savings valuation based on WTP and WTA 

This chapter deals with application of the WTP and WTA methods. Application of both methods is 
presented on conditions of the Czech Republic. At the same time, data from questionnaire survey where 
a WTP method with dichotomical choice format was used for the purposes of this case study when 
respondents were asked whether they were willing to pay the price for the surveyed entity or not. It has 
always been a choice between road and rail transport, more precisely between the use of car and train 
on the submitted cases of four selected sessions. 

Input data to technical-economic analysis of this case study are tariff conditions available for both road 
and rail transport, the current price of petrol and diesel, technical data about the consumption model 
car and valid timetables. Questionnaire survey was attended by 398 respondents from all 14 regions of 
the Czech Republic. 

In the expert part of the questionnaire survey, certain questions were asked, of which the relevant ones 
are further analyzed in relevant chapter of the dissertation. To quantify the willingness to accept or 
willingness to pay, derived equations for the calculation of WTP and WTA are used for selected 
scenarios. 

At sessions 1 (Trutnov - Pardubice), the narrow majority of respondents chooses the train transfer 
option over car. There is a saving of 110 CZK, but also increase the travel time by 40 minutes. The 
Preference Coefficient (Preference Weight) is 0.52. 

Scenario: I'll pay less, I'll be there later. 

WTAR1 = 1,43 CZK/min – the cost of higher travel time 
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Positive value is the financial cost of a freely chosen transport mode selection   higher travel time for 
that session. 

At session 2 (Prague - Pardubice), a clear majority chooses train. There is a saving of CZK 160 and 
also less travel time by 25 minutes. The cost paid for a motorway usage can hardly be recognized for 
selected session, so it has not been counted in. The preference coefficient is 0.82.  

Scenario: I'll pay less, I'll be there earlier. 

WTP R2 = -5.25 CZK / min - savings for less travel time 

A negative value indicates cost saving while saving travel time at the session. 

At session 3 (Liberec - Pardubice), three quarters of the respondents choose a passenger car option over 
train. There is time saving of 67 minutes, but also a cost increase of 100 CZK. The preference 
coefficient is 0.77.  

Scenario: I'll pay more, I'll be there earlier. 

WTP R3 = 1.15 CZK / min - cost saving time 

On the considered session, the rail link is similar to that of the rail link from session 1, a monorail line 
of regional character with speed limitation a large number of railway stations and stops.  

At session 4 (Pardubice - Ostrava) the clear majority of respondents choose the option of transport by 
train. There is a saving of 15 minutes and saving of 270 CZK. The preference coefficient is 0.82.  

Scenario: I'll pay less, I'll be there earlier. 

WTP R4 = -14.76 CZK / min - savings for less travel time 

A negative value indicates cost savings while saving travel time for the session. 

Since September 2018 discounts on fares were introduced, involving passengers from 6 to 18 years, 
students 18 to 26 years and passengers older than 65 years. This would, in a new questionnaire survey, 
influence the transport and economic behavior of passengers, in particular the age groups of public 
transport users concerned.  

The resulting complete case study data, including the limiting conditions and the evaluation of the 
results, are presented in relevant chapter of the dissertation.  

Case study - Influence of the proximity of transport infrastructure on property prices 

Pardubice city study was selected for a case study investigating the impact of the proximity of the 
transport infrastructure (public transport stops) on the property price. Data source is real estate portal 
Reality.cz. The aim of the correlation analysis is to find out which of the of these variables affects the 
price of the property. The focus is on the proximity of public transport stops, namely three modes: 
urban public transport, rail and bus services. Software Statistica 12 was used for statistical analysis. 
Within this analysis, it is necessary to define a set of factors and the conditions under which the given 
method is applied to the model case of Pardubice city. 

The subject of statistical analysis is to determine the strength and type of observed variables. Force and 
dependence (correlation) is expressed through various degrees of statistical dependence including 
correlation coefficients. The absolute value of the degree of statistical dependence should be in  closed 
interval from zero to one. 
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After the first calculation step, the case of the undesirable multicollinearity between the train stop 
distance and the bus station occured. After the elimination of the variable "Distance to Bus" multi-
collinearity does no longer occur. 

As expected, a very strong dependence between the apartment's price and the size (living area) of the 
flat has been demonstrated. At the same time, the weak and negative dependence of the apartment price 
on the given sample was proved in relation to proximity to nearest urban transport stop and to the main 
railway station. 

Regression model can be used to determine the equation, including the individual factors that affect the 
price of the apartment near to the transport infrastructure. The regression is thus: 

cena bytu=629547,4+17060,9*vel.bytu-53,3*vzd.MHD-27,1*vzd.žel.    (1) 

where: vel.bytu surface area of the flat [m2] 

vzd.MHD is the distance from flat to nearest urban transport stop [m] 

vzd.žel  is the distance from flat to the main railway station [m] 

Pozn.: absolute value of the regression model [CZK] 

Based on verification calculations made in the dissertation thesis , the resulting regression equation can 
be interpreted in such a way that the apartment price increases with the growing residential area of the 
flat, decreasing with increasing distance to the nearest public transport stop and the decreasing distance 
to the railway station. The resulting complete data of the case study, including the conditions and the 
evaluation of the results, are presented in the relevant chapter of the dissertation. 

Case study - Benefits from the construction of transport infrastructure 

This case study explores the benefits of the construction of transport infrastructure and its impact on 
changes in the business environment in the field of passenger road (bus) and rail transport. The benefits 
of commercially operating traffic on the section under consideration or through a transparent tender for 
the transport serviceability of a particular session is to save government subsidies for ordered transport 
services in sessions that are currently private carriers willing to operate without subsidies or with lower 
subsidies than is the case with national carrier. However, this concept is not applicable to the entire 
railway network but only to commercially interesting sessions.  

The aim is to estimate the potential of the completed D11 motorway for bus carriers, which can be 
expressed by the aggregate coefficient using Saaty's method. For evaluating the potential for bus 
carriers following procedure shall apply using Saaty method (Olivková, 2011; Friebelová 2008). 

The first step is to establish the evaluation criteria and their description. Criteria determination was 
carried out by the research team together with the supervisor and supervisor by a specialist based on 
the Delphic method, a prognostic method of group finding a solution. For clarity, the criteria and their 
description are given in the relevant chapter of the dissertation.  

Using the pairwise comparison method, you need to verify the consistency of pairing each criterion 
with a consistency test (Saaty , 1987). The consistency test calculation according to Hasse and Meixner 
(2009) follows in five steps. The calculated consistency rate is: 

CR=0,1103/1,24=0,089 (2) 

The CR consistency rate is considered acceptable at 0.10 (10 %). Consistency is therefore acceptable. 
Next steps of the calculation can follow. For the needs of the model, it is necessary to define the various 



| 56 

scenario scenarios and the verbal description of the criteria in the next step. On the basis of expert 
estimates, an optimistic variant, a pessimistic variant and a realistic variant are set.  

The last step of the calculated model of calculation is the evaluation of the potential of the considered 
relationship for the bus carrier itself. A comparison of the individual data of both scenarios is given in 
Table 23 of the respective chapter in the dissertation.  

The resulting coefficient of 0.73 for the expected option means that the completion of the remaining 
section of the D11 motorway opens up a considerable potential for bus carriers in this session. At the 
same time, there would be a greater competitive potential against rail transport, and this session would 
become more attractive to car users, as travel time would be shortened.   

The resulting complete case study data, including the specification of factors affecting road and rail 
transport, are set out in the relevant chapter of the dissertation.   . 

Case study - benefits from improving the quality of public transport 

According to Litman (2008), it is generally the tendency to value qualitative factors such as comfort, 
comfort, safety and prestige with higher values. However, practice often focuses on quantitative factors 
and impacts in transport planning and economic assessment and underestimates qualitative factors and 
impacts. This chapter of the dissertation thesis aims to estimate the economic quality factors in public 
transport, which have the positive benefits of transport, by applying the method of the so-called Level-
of-Service rating. For the conditions of the Czech Republic, author applies a method of determining 
suitable factors divided into the following five phases, according to Litman (2008):  

      -   Defining quantifiable factors 

      -    Determination of appropriate methods of quantification of selected factors 

- Data collection
- Integrating calculations into aggregate index
- Include results in the planning process

For the needs of the method, it is necessary in the first step to determine the factors and the way of their 
evaluation, on the basis of which a table of intervals of individual LOS ratings expressing the level of 
public transport quality is constructed. On the basis of the theoretical knowledge, a questionnaire was 
drawn up, which included selected factors and their score: The author chose a model example of the 
urban transport in Pardubice city. The selected cases are being solved in follow-up chapters in 
dissertation, expert assessments were carried out in cooperation with supervisors.  

The first step is to calculate the sum of the best variants (a), where the best options are summed, ie. the 
ideal scenario. This gives the upper limit of the entire evaluation interval. The sum of the worst variants 
(c) is summed up by the worst options, ie. worst case scenario. The sum of the middle variants (b) 
summed up the mean values of the options, with the calculated fare factor being taken as the mean 
value between 1 and 0. The calculated values a, b, c are further used to calculate the evaluation intervals 
between the individual LOS stages. Then, the entire evaluation interval is divided into LOS A-C and 
LOS D-F, the split value being b. The final distribution of LOS ratings according to the model 
questionnaire is entered in Table 26 in the relevant chapter of the dissertation.  

In this chapter a calculation methodology of Litman (2008) is used. It calculates the savings through 
LOS ratings. For the model example of application of the LOS rating method for Czech conditions, the 
author chose Pardubice city. In the case study there is considered change in the quality of public 
transport rating LOS E to LOS C. This change is by Litman (2008) interpreted as a change from poor 
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quality of the space waiting to good one, such as a covered waiting area, possibly with benches, increase 
perceived quality of the vehicle, such as new interior upholstery, elimination of unwanted noise, 
deploying vehicles of the newer production year or with more seats, minor adjustments to the platforms, 
adjustment of the stopping environment or new ways of paying the fare, installing additional ticket 
machines, etc. For the case study, the following two sessions were selected.  

Session 1: Session with transfer: Dubina, center - Airport  

In the first step input data need to be defined. For the urban transportation it is considered walking for 
5 minutes, waiting is 10 minutes. The driving time is 9 minutes.  In the transit hub there is a waiting 
time of 5 minutes. Then travel to the finish stop is 13 minutes. Walking time from the destination stop 
to the destination is 5 minutes. For individual car transport, the distance from Dubina to the Airport is 
approximately 7.2 km and the passenger car will overcome this distance under normal city traffic 
conditions in 13 minutes. Walking time to vehicle and from vehicle is always considered for 2 minutes. 

The next step is to calculate the partial travel costs of time for individual time factors, such as walking, 
waiting, time spent in the vehicle or time to switch. The calculations are presented in Table 29 in the 
respective chapter of the dissertation, which also sums up the cost reduction resulting from the 
increased comfort of waiting and increasing the comfort and comfort of public transport from LOS E 
rating to LOS C. Driving time, the timetable has also remained unchanged. This is the upper limit of 
cost savings when there is an improvement in the perception of the quality of public transport by its 
users.  

Session 2: Session without transfer : Dukla, carriage - Globus 

For the urban transportation it is considered walking to the stop for 5 minutes. Then waiting is 10 
minutes. Travel time to the finish stop is 20 minutes. Walking time to the destination is 5 minutes. For 
car there is the shortest distance from Dukla (carriage) to Globus about 5 km. If a driver travels the 
same route as a bus, it will take 10 minutes considering usual city traffic. Walking time to vehicle and 
from vehicle is always considered for 2 minutes.  

Even though Litman (2008) calculates savings only for public transport users who have to transfer, 
there are experimentally calculated savings for a user who uses a direct link without transfer. 
Comparison is carried out again with alternative individual car traffic. From Table 30 in the relevant 
chapter of the dissertation is seen that due to the increased comfort of waiting and increasing the 
convenience and comfort of traveling by public transport (from rating LOS E at LOS C) decreased 
travel expenses in proportion to the IAD from 123% to 84%.  

This case study describes a practical approach how the LOS ratings can economically evaluate a 
qualitative level and change the perceived quality of services within the considered public transport 
system. The result is the transformation of qualitative factors into the monetary value of time. 

5. RESULTS AND DISCUSSION

Practical part of the thesis dealt with four areas of appreciation of positive externalities in transport. 
The selected methods of evaluating predominantly negative externalities were applied to case studies 
and the results obtained are summarized and interpreted in the following paragraphs. 

Time savings valuation based on WTP and WTA 

On the basis of the processed data and the results of the computation of the willingness to pay and the 
willingness to accept, using the dichotomical choice format in the questionnaire survey on the WTP 
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application, a case study was prepared in the Czech Republic. By applying the WTP method, the 
advantages over conventional valuation can be seen in the following points: 

- compared to conventional methodology it is not an estimate of macroeconomic indicators, 
- this method is based on current tariff and fuel prices, takes into account direct competition between 

IAD and rail passenger interregional transport, 
- this method takes into account the so-called European approach, ie the WTP approach in foreign 

studies on this topic, eg Eboli and Mazzolla (2008). 

The application of the WTP method to a case study shows how to obtain the bases for calculating user 
time savings in the economic evaluation of traffic projects in a given session (especially the assessment 
of positive externalities of the project) as well as the preference coefficient that determines preferential 
user choice in relation to travel costs and driving time based on WTA and WTP methods. If the total 
time of transport was considered, it is necessary to add to the train the time needed to transport from 
the starting point to the railway station, the waiting time and the time to move from the destination 
railway station to the destination. Due to the individual differences of the individual times and times 
transport costs are therefore considered only for the net travel times of the given means of transport for 
selected sessions. 

UNITE (2003) uses value 21 EUR per hour for work time and 4 EUR per hour (private and leisure 
time) for road traffic value. Other studies, such as INFRAS / IWW (2004), use higher values that also 
take into account possible indirect costs from the risk of congestion affecting employees, customers 
and other transport users.  

HEATCO study (2006) recommends using time values based on vehicle-kilometer instead of person-
kilometer. Differences are, for example, when assessing commuting time (8,48-10,89 EUR / car ) and 
private journeys (7,11 - 9,13 EUR / car ), for example used to estimate delays or congestion in 
congestions. For congestion in private passenger transport, it is recommended to multiply the standard 
time value by 1.5, in freight 1.9 and in passenger transport by 2.5. Values of time savings estimates, as 
recommended by the HEATCO and the differentiated by country, mode of transport, purpose of journey 
and length of journey, are based on WTP based surveys.  

Alternatively, the application of the method may be combined or supplemented by the above-mentioned 
coefficients, depending on the processors of the economic study, as to which other variables may lead 
to more accurate results, to extend this basic model accordingly. 

The hedonic price and the impact of the proximity of the transport infrastructure on the property price 

A case study was prepared on the chosen example of Pardubice city and its aim was to express the 
influence of the proximity of the transport infrastructure on the prices of apartments in Pardubice city 
using the application of the hedonic price method. There is dependence between the price of apartments 
and distances of the transport infrastructure in Pardubice city. The case study shows that the proximity 
factor of the public transport stops at an average of 0.46% at the price of apartments in Pardubice, and 
the factor near to the main railway station accounts for an average of 2.92% for the price of apartments 
in Pardubice city. Negative correlation in both cases means that the greater the distance of the transport 
infrastructure is, the lower the flat rate is. Proven dependence is mild.  

The principle of evaluating positive externalities by the hedonic pricing method can thus be one of the 
imaginary counterparts to the negative externalities assessed in the studies of transport projects. Based 
on the results of a case study, for example, price maps in the given locations can be revised. The results 
generated by this case study may vary depending on the quality of the data being processed or the 
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property parameters under consideration, to which Haripriya (2008) or Forrest (1992) also draws 
attention.  

However, the possible extension of the study with transport at rest on the price of real estate is subject 
to several restrictive conditions. It is necessary to carry out a thorough analysis of the transport at rest 
in the city, to consider only real estate with comparable parking conditions, as distorted results can be 
made clear and cluttered by often confusing the assignment of particular parking spaces and their 
number to apartment buildings and other properties, attendance distance from parking spaces and last 
but not least, it is necessary to take into account other individual factors that affect the transport at rest 
in connection with the price attractiveness of residential locations.  

For the above reasons, due to the complexity of the data collection and analysis of the parking areas in 
Pardubice city, the transport at rest was not included in the model case, but if the above mentioned 
conditions are fulfilled, this factor can be put into the evaluation method appropriately, as transport at 
rest has a significant impact on the real estate price.  

At the same time, it should be mentioned that this method is not used so much in the Czech Republic 
because, using the hedonic method, it is assumed that the real estate market represents a market of 
perfect competition, as Melichar and Honigová (2005) say . Similarly, different conclusions are reached 
with the application of this method, as evidenced, for example, by Forrest et al. (1992) who found the 
city's rail transport negative impact on the property price in Manchester, and Bajic (1983), which found 
the positive effect of a metro proximity on the property price in Toronto. Not only from these cases can 
be deduced that the results of the hedonic price model differ from case to case, it is always necessary 
to describe the input data, the specifics of the given location, including the historical and urban 
development, the specifics of the transport behavior of the population and, last but not least, the 
restrictive conditions of the case study, which also influence the interpretation of the results and 
conclusion of the study. 

By using correlation and regression analysis combined with real estate data, the dependence between 
property prices and distance to traffic junctions can be determined. When applying this analysis, there 
may be a multicollinearity problem that has arisen in this practical study so the variable needs to be 
eliminated. When assessing the environmental characteristics of Haripriya (2008), a frequent example 
of multi-collinearity is, for example, an increased concentration of harmful emissions and an increased 
noise level in the property near the road infrastructure. It also points out that the input data in the 
hedonic analysis should only come from one real estate market. 

From a certain distance, it is also necessary to take into account negative externalities such as noise and 
vibrations that can be valued by the WTP method based on the hedonic valuation or expressed noise 
reduction preferences or the so-called Impact Pathway Approach in relation to the impacts of these 
negative externalities on human health.  

Also technological and technical level of rail transport in the area needs to be taken under consideration 
and also the general level of these transport systems. Reference can be made to Chapter 4.4., where the 
impact of changing the quality of the transport system in the case of urban public transport in Pardubice 
city was examined in the case study. The perceived quality of bus and rail transport, expressed through 
LOS ratings, can thus help to improve transport planning while reducing the time travel cost, and 
secondly to increase the competitiveness of bus and rail transport towards individual car traffic, thereby 
increasing the interest in these modes of transport in the intended location, increasing real estate prices 
near transport hubs. 

Benefits from the construction of transport infrastructure – motorway D11 case 
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 This case study is aimed at evaluating the benefits of building a new transport infrastructure. Criteria 
were defined by Saaty's method of quantitative pair comparison, their description and weight, and the 
outcome of scenario 1, which foresees the completion of D11 motorway. The result is the attractiveness 
coefficient for initiating or expanding business in bus traffic on a model session.  

When pairing occurs, there is always a certain inconsistency of the pairwise comparisons, the goal 
being not to exceed the stated consistency level. Otherwise, the study would lose its predictive value 
and the results would be distorted. 

The resulting coefficient of 0.73 for the expected variation "Model Case - D11" means that the 
completion of the remaining new section of the D11 motorway presents a relatively high potential for 
bus carriers in this session. 

Completion of D11 motorway would increase the competitive potential for rail transport and at the 
same time make this session more attractive to IAD users, as travel time would be shortened. This 
deduction was confirmed in 2016 by the entry of the Student Agency ( RegioJet ) to this session where 
from May 2016 it started to operate one pair of connections a day, although the D11 motorway is 
currently completed to Hradec Králové only. 

Thus, the case study can serve as one of the inputs in the preparatory phase of the project to process the 
economic analysis based on determining the attractiveness of the relationship for the carrier. 
Differential factors for evaluating the attractiveness of the projected session for carriers in the road and 
the railway transport are level of market liberalization, construction and modernization of road 
infrastructure, minimum attractive sessions for expansion existing private carriers, or even for the entry 
of new private railway carriers, high business risk in rail transport, different transport infrastructure 
charges, different tariff conditions, unless there is a uniform tariff of the integrated regional transport 
system (eg IREDO) and, last but not least, the limited capacity of rail transport.  

Analogously, Saaty's method and the same procedure for assessing the commercial potential of a 
railway taking into account the current situation, which the processor must undergo a thorough 
technical-economic analysis in the preparatory phase.  In case of rail transport there is an ideal condition 
if a case study can count on a fully open transport market for rail carriers. The resulting coefficient can 
thus be defined as the degree of attractiveness of a given session for initializing or expanding a business 
in the area of public passenger transport, in particular when comparing travel times and fares for 
variants without and with project.  

The use of Saaty's method assumes the existence of a team of experts who determine the most 
appropriate criteria that have the greatest impact on the project scenario compared to the current state, 
ie without a project. The research team also participates in the point evaluation of the individual pairs 
of criteria. This team is usually made up of experts who have to meet requirements such as education 
or length of practice in the field. The use of this method is sensitive to the subjective views and 
perspectives of the individual problem solver, which is reflected, for example, in defining the 
optimistic, pessimistic and realistic variant of the scenario. Each of the scenarios should be based on 
trends estimated based on available statistical data in context with the analysis of the current status. 
Similarly, the factors influencing the modes of transport to be compared must be taken into account, 
such as the commercial potential of the route in relation to the current and potential traffic flows of the 
passengers, the level of competitive environment, for example by the number of carriers operating 
regular connections to the sessions under consideration, the number of connections between the 
carriers, the financial background of the carriers, modes of transport on the session, economic and 
temporal terms railroad and individual automobile traffic on the session, administrative burden with 
respect to the comparison of transport modes, level of transport market liberalization, or barriers for 
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entry, contractual obligations in the context of transport services and the last but not least, the potential 
for qualitative improvement of the provided transport services in the given relation, for example on the 
quality of the available transport infrastructure, the attractiveness of the region being assessed, etc. 
Analogous factors can be considered in the same way from the point of view of rail transport.  

Assessing the benefits of improving the quality of public transport 

The last case study in the practical part of the thesis deals with the evaluation of the benefits of 
improving the quality of public transport. The results show that, as a result of increased waiting comfort 
and increased comfort and comfort of public transport (from the LOS E rating to the LOS C), the travel 
cost in relation to the IAD was 123% to 84%. For the model case, two sessions were selected by the 
author in the public transport network in Pardubice city, with the first session being Dubina, Centrum 
- Letiště and the second session is Dubina, Centrum - Globus. Inputs are expert estimates. 

Improving the quality of public transport services can be, by analogy, implemented into other 
influential aspects such as increased travel speeds, transit rates, reduced fares, or parking fees. When 
introducing programs for the qualitative improvement of transport systems, individual strategies should 
create a synergistic effect that results in an increase or even a multiplier effect on the overall benefits 
of transport for its users. 

Similarly, the LOS rating method can be applied to rail passenger transport. Most transport operations 
in the Czech Republic are carried out by a state-owned carrier ČD as (MDČR, 2016), while the owner 
of the infrastructure is the state, through the SŽDC. For programs to improve infrastructure for 
increased competitiveness and greater use of rail transport, owners can, in turn, request the 
infrastructure manager (eg SŽDC) to apply for subsidies. One of the supported activities is, for 
example, to increase the comfort and facilities of the station and stop infrastructure in the management 
of the railway infrastructure manager, or to modernize and reconstruct the lines and other infrastructure 
related to upgrading within the railway hubs.    

Case study in Chapter 4.4. shows how comfort and comfort can substantially reduce the travel costs of 
time. Moreover, these benefits are virtually invisible for most current models for the economic 
evaluation of transport projects.  

Conventional methods of economic evaluation tend to concentrate mainly on travel times (driving 
speed) and give little weight to comfort and comfort factors when traveling. Consequently, the results 
of conventional valuation are based on a planning process that does not take into account all the factors 
and thus they can not achieve full optimization of the transport system compared to what would 
maximize the efficiency of the transport system and social well-being. Litman (2008) also notes that 
conventional methods also often underestimate alternative modes of transport, as they are generally 
judged to be slower and as well as service options because they overlook the value offered by multiple 
levels of service and also the quality of service because quality improvements are often underestimated. 
If investment in improving the quality of public transport is neglected, public transport is less attractive 
than individual car traffic, resulting in higher travel time compared to travel costs of car travel. 
Motorists have the possibility to have comfort and comfort directly influenced by investments in a 
better car or guaranteed or better parking space. However, an individual user of public transport in the 
city does not have this option. If public transport does not meet the user's quality requirements, the user 
switches to alternative modes of transport. 

Improving the quality of services in alternative modes should take into account the benefits for existing 
users, the benefits for new users of the improved transport system, the benefits for other road users by 
reducing the risk of accidents and the occurrence of congestions, benefits for society by optimizing 
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existing infrastructure and transport capacities, cost savings (time), benefits in energy savings and 
reduction of pollutant emissions, or the benefits of higher sales of transport companies from increased 
passenger interest. The use of the LOS rating method is foreseen in case studies or preparatory phases 
of new projects focusing on improving transport standards in public transport. In USA, UK or Australia, 
this evaluation method is used to optimize the traffic planning process and the evaluation of transport 
projects. 

6. AUTHOR'S OWN CONTRIBUTION

The dissertation deals with issues of positive externalities in transport and methods of their valuation. 
In the practical part of the dissertation there were presented four case studies, using methods used 
primarily for the evaluation of negative externalities. Based on the results of studies, it is then possible 
to include this evaluation of positive externalities in the overall assessment of the economic efficiency 
of transport projects. 

Main benefits of the dissertation: 

- elaboration of the analysis of the present state of the issue of evaluation of positive 
externalities in transport, 

- application of WTP and WTA methods for the evaluation of time, time savings, 
- application of the hedonic price method to assess the impact of transport infrastructure 

proximity on property prices, 
- application of Saaty's method for determining the aggregate coefficient for assessing the 

benefits of the construction of a new transport infrastructure, including the specification of 
the different aspects of road and rail transport, 

- application of the LOS rating method for assessing the quality of public transport services, 
expressing time savings in improving the quality of the transport system, 

- usability of case study methods and backgrounds for further research on the issue of 
assessing positive externalities in transport, 

- applicability of the presented methods for expanding the basis of the transport projects 
economic evaluation in terms of both negative and positive externalities. 

CONCLUSION 

The importance of positive externalities in relation to transport policy is currently unquestionable, and 
in the coming years this trend will continue as a result of the need for more and more accurate and 
relevant economic evaluation of transport projects. From the analysis of the current state of the given 
issue it follows that the topic of dissertation is very topical, which results also from the analysis of 
domestic and foreign sources where the problem is solved by the most frequent case studies. Even so, 
less attention is paid to positive externalities than negative externalities, which are still ahead of 
transport policy, mainly due to programs to reduce emissions and generally mitigate the impact of 
negative externalities on the environment.  

The analysis shows that the transport projects in road and rail transport are mostly assessed in terms of 
negative externalities and positive externalities are mentioned only in a qualitative and not quantitative 
way. Examples of unconventional economic assessments of selected transport projects from Great 
Britain, the USA, or Canada show that evaluating positive externalities can contribute to the positive 
economic balance of the evaluated project, its adoption by competent authorities and subsequent 
implementation.  

For example, frequent arguments against the economic efficiency of high-speed rail projects in the 
Czech Republic appear to be odd in analyzing materials in the UK high-speed rail project where a group 
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of experts defines so-called wider economic benefits that assess the positive impact of the project on 
the region and in terms of business activities, job opportunities, agglomeration benefits, foreign 
investments and their multiplier effects, etc. However, this assessment method is demanding for data 
collection and some statistical data required for the application of this model are not available in the 
Czech Republic.  

For application of WTP and WTA, sessions with different road and rail transport segments were 
deliberately chosen, with two sessions having the advantage of rail transport in the form of a corridor 
with high travel speed for the user, with two sessions having the advantage of road transport in the form 
of motorways. The most logical option is when the user pays less and will be in the destination earlier. 
This is an example of the Prague - Pardubice session, when compared to car, it is a user's point of view 
to save less travel time. The opposite case is the Trutnov - Pardubice session, where users choose the 
option to pay less, but they will be in the destination later. Methods WTA and WTP can be used to 
economically assess the behavioral and economic behavior of the population in relation to the 
willingness to pay and to receive compensation for lower and / higher travel time. 

When assessing the impact of the proximity of transport infrastructure on real estate prices, the findings 
of the above mentioned studies were already found in the research. The theory of the hedonic price 
method thus faces paradoxical situations and often contradictory conclusions that are influenced by 
many geographical, environmental, economic or psychological aspects where the property price 
positively affects the proximity of transport infrastructure or agglomerations with good transport 
accessibility and environmental aspects such as proximity to parks, forests or a no-noise environment. 
Some studies, on the other hand, found that in certain cases the negative externalities predominate in 
the assessment of the real estate price in the areas under consideration, for which there are also specifics, 
which are also an explanation of these negative trends. For a case study on the impact of the proximity 
of the transport infrastructure on property prices, a model example of Pardubice city was chosen, where 
it was determined how much the factor near the public transport stops and the factor near to the railway 
station is at the price of apartments in Pardubice. Negative correlation in both cases means that the 
greater the distance between the transport infrastructure and the home, the lower the apartment price, 
and vice versa, with the observed dependence being mild. Within limiting conditions and described 
specifics of the location under consideration, the link to transport at rest, which also affects the price of 
real estate, is mentioned. However, should a case study be extended to the effect of this aspect, several 
conditions would have to be considered, in which compliance could be included in the input data for 
correlation and regression analysis.  

In a case study to measure the benefits of building a new transport infrastructure, the Saaty’s method 
was used to determine the cumulative coefficient for the scenarios that is expected to complete the D11 
motorway. This study works with the multi-criterion decision method and results in a coefficient of 
attractiveness for initializing or expanding a business in bus transport to a chosen session that takes into 
account the criteria that characterize the change in the transport market. The result of the case study 
can then be interpreted in such a way that the realization of the remaining section of the D11 motorway 
opens up a great potential for bus carriers in this session. At the same time, there would be greater 
competition potential for rail transport and at the same time, this session would become more attractive 
to car users, as travel time would be reduced in the case of bus traffic. This deduction was confirmed 
in 2016, among other things, by the entry of Student Agency ( RegioJet ) to this session, where from 
May it started to operate one pair of connections a day, although the D11 motorway is only completed 
to Hradec Králové. From the tariff point of view, the bus service is the most advantageous and, with 
the entry of another competitor, there is no prerequisite for rising fare prices, except for the usual price 
adjustments in relation to the macroeconomic indicators and the performance of the domestic economy. 
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An analogous procedure can be chosen for assessing commercial potential for rail carriers, in the case 
of rail transport, it is an ideal condition if the case study can count on a fully open transport market for 
rail carriers.  

The latest case study analyzes the benefits associated with improving the level of public transport 
services. The method and so-called LOS ratings were applied to the conditions of the Czech Republic, 
namely the model case of public transport in Pardubice city. Sessions were selected from the Dubina, 
Centrum stop to Letiště stop and the non-transfer session from the Dukla, Centrum stop to Globus stop. 
Based on the results of both model sessions, it can be deduced how comfort and comfort can 
substantially reduce the travel costs of time. Moreover, these benefits are virtually invisible for most 
current models for the economic evaluation of transport projects. Conventional assessment methods 
often focus only on the cruising speed parameter and attach little weight to the comfort and comfort of 
traveling. The case study shows how qualitative factors can be translated into the quantitative 
expression of travel time value. 

The author sees the potential of using the method of determining LOS ratings also in rail passenger 
transport, where the level of comfort and comfort is generally very variable and depends on the fleet 
renewal and scale, the level of information provided by the carrier and the quality of the infrastructure 
or the levels of modernization of the tracks and stops / stations on the side of the rail operator. The use 
of the LOS rating method is foreseen in case studies or preparatory phases of new projects focusing on 
improving transport standards in public transport and optimizing the decision-making process in line 
with the requirements of the users of the transport system. 
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ABSTRACT 

A dissertation thesis deals with the analysis of existing situation on authorisation type of vehicles in 
Slovak Republic and foreign countries. It is concerned with the Commission Recommedation 
2014/897/EU of 5th  December 2014 on matters related to the placing in service and use of structural 
subsystems and vehicles under Directives 2008/57/EC and 2004/49/EC of the European Parliament and 
of Council which should be application guide for this area. A main goal of dissertation thesis is to 
ensure the interoperability (new directives, regulations, decisions, recommendations) and to create the 
methodology of authorisation type of vehicles especially SW model as a tool with using the EU 
legislation for speeding up the whole process. It contains the analysis of scientific methods which were 
used for the assurance of the main goals. 
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1.    Current state in the field of doctorate thesis 

The main task of the authorisation process of the type of vehicles is to attract wider interest of the public 
into production and import in the area of transport. It is regarded mainly to safety but also to ensure the 
quality, reliability and lifecycle of the rolling stocks at a required level. These requirements need to be 
assured and at the same time they should be a tool to satisfy transport needs. The vehicles should reflect 
the progress in science and technology and their construction should be in harmony with the 
development of transport. 

Ensuring the aims of interoperation within the spectre of rail system in the European Union should 
result in setting up the optimal level of technical harmonization and mitigate, improve and further 
develop services that are offered within the international railway transport. The aim is to create an inner 
market with facilities and services targeting at building, innovation, modernization and operation of 
railway system in the Union. Within the fourth railway packet is suggested a new procedure of 
authorising a new type of rail vehicles and their allowance into operation. The aim is to move the 
competences of authorising and certifying the types of rail vehicles onto European Union Agency for 
Railways “EUAR”. Individual activities should be carried out on the basis of dividing the competences 
between EUAR and National Safety Authority “NSA”. Objective activities will be carried out on the 
basis of the legal relation of these two bodies. Fundamental is elimination of national regulations and 
direct exercisability of TSI as internal regulations for the whole railway network. 

Analysis of the current state both home and abroad 

Authorising the types of railway vehicles is an integral part of transport process. The main goal should 
be securing the safety of transport. The aim of every authorising body is to ensure that the authorising 
process was carried out in accordance with the European legislation and in a non-discriminating way.  

Current state of authorising the types of railway vehicles within the conditions in the Slovak 
republic  

Development of authorising the types of railway vehicles has gone through several changes since the 
establishment of the Slovak republic. Every development stage was aiming to make the process easier 
and ensure the continuity of particular activities in every area. 

Authorising the types of railway vehicles has changed a lot since the Slovak republic was established 
in 1993. It is possible to divide this process into several development stages that are described in detail 
in this doctorate thesis. These are: 

- authorising the types of railway vehicles in years 1993-1996, 
- authorising the types of railway vehicles in years 1996-2009, 
- authorising the types of railway vehicles in years 2009- 2014. 
- authorising the types of railway vehicles in years after possible shift of competences onto EUAR 

(after year 2020). 

Current state of authorising the types of railway vehicles abroad 

Authorising the types of railway vehicles and putting them into operation are carried out in individual 
countries by the authorising bodies or NSA (National Safety Authority) in accordance with the directive 
(EU) 2016/797 of the European Parliament and of the Council on the interoperability of the rail system 
within the European Union and also in accordance with particular related regulations, decisions and 
recommendations, and upon its transposition into national legislation.  
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To analyse the current situation in the area of authorising the types of railway vehicles we have used 
the knowledge acquired at different conferences and also available literature as well as studies from 
universities and research institute. The analysis was carried out in six countries – Poland, Austria, 
Hungary, the Czech Republic, Spain and Germany. 

 Within the analysis we have also analysed the legislature in the area of authorising the types of railway 
vehicles and competencies of particular bodies. With the help of administrative outputs, we have made 
an overview of registered vehicles in individual member countries, notified people carried out in 
member countries and types of vehicles registered in the European Register of Authorised Types of 
Vehicles (ERATV).   

Conclusion of the analysis 

Commission Recommendation 2014/897/EU defines particular important parts in the area of 
authorising structural subsystems and vehicles into operation. It is a broad manual or rectification how 
to proceed in this area in such way as to follow clauses of directive 2008/57/ES. There is not a 
graphically shown procedure in the area of authorising the types of railway vehicles that are in 
accordance with technical specifications of the interperability (TSI) or are not in accordance with TSI 
and their consequent putting into operation. This will be a part of the suggested methodology.  

Individual studies from scientific fields concentrate only on partial activities in the area of authorising 
the types of railway vehicles. They do not define the authorising process as a complex of activities, 
they do not say how to simplify or fasten it as a whole. To shorten the length of time of the authorising 
process, it was necessary to review and analyse particular problems that could emerge during the 
process. Because of this, it was inevitable to secure operative solutions of problems that can occur. Not 
to foresee these problems could lead into extending the length of time necessary for authorising. 
Creating a convenient methodology for authorising the types of railway vehicles is an appropriate 
solution of these drawbacks and prevention from extending the authorising process. 

2.    Defining the aim of the doctorate thesis 

The aim of the doctorate thesis was to outline methodology in the area of authorising the types of 
railway vehicles with the emphasis on applying interoperability, new European regulations, directions 
and decisions. The methodology was graphically plotted with the help of a developing diagram. We 
have also created SW model of applying the European legislature aimed at authorising the types of 
railway vehicles and minimising the administrative difficulties.  

The doctorate thesis includes verification of the outlined model on practical examples right at the 
execution of actions of the authorising body.  

Setting up the hypothesis 

On the basis of acquired experience we have set up the following hypothesis: 

With the use of the outlined methodology the length of time of the authorising process of the types of 
railway vehicles will be shortened by 30%. 

To verify the hypothesis, we have used the Gantt’s graph.  With its use is shown the length of particular 
actions during the process of authorisation with and without the use of SW model. Objective 
verification was carried out in the following three cases:  

1. installing a mobile part ETCS L 1 into a vehicle – essential change of a railway vehicle, 
2. authorising a type of railway vehicle – three system electric locomotive class 381 type 109 E2, 

3. authorising a type of railway vehicle – diesel unit class 861, type VR – 24 – 2010 - DMJ. 
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Following the procedure of current authorising system on particular examples, it was possible to rate 
how much time can be saved when compared with the current authorising system. The aim was to lead 
to minimise the administration during the authorising or allowing the types of railway vehicles, in 
accordance with the new regulation of interoperability which should be transposed until June 16th2019, 
latest until year 2020. 
3.    Methods and solution way used 

In the doctorate thesis is, based on the found differences and problems that could emerge during the 
process of authorising the types of railway vehicles, outlined methodology of authorising the types of 
railway vehicles as a supporting tool for setting up the SW model.    

3.1   Chosen methods 

Apart from the basic methods (analysis, synthesis, brainstorming etc.) we have used also other 
methods that are necessary for solving the stated problematics.   

The theory of system modelling  

The theory of modelling deals with particular areas of knowledge. Modelling itself is used within the 
research of social phenomena, psyche and cognitive phenomena. In relation to modelling is used also 
term model that could be characterised as an “imitation”. It could be carried out with the relation to 
practical tasks or in relation with the research. And its parts are also working methods such as 
mathematical and experimental modelling. (55)  

Usage: while creating the SW model. 

Simulation 

Simulation is an experimental method during which a real system is replaced by a computer model. Its 
basis is that the examined dynamic system is replaced by its simulator and this one is used to gain 
information about the original system. Simulation is carried out on a created model (simulator) which 
imitates simulated system and is limited on a physical object created for this particular use. (56)  

Usage: verifying the model on particular examples 

Visual Basic Application (VBA) 

Visual Basic Application Excel macros allow saving time, optimising processes and also lowering the 
number of mistakes in particular calculations. Excel macro is a program that can take several actions 
instead of a person, worker. As an appropriate example, we can imagine that a person needs to copy 
several different tables daily from different Excels into one file and in every table also needs to make 
particular mathematical calculations, format the table, underline very other line etc. (58) 

Usage: SW model as a support of the methodology 

Gantt’s graph 

Gantt’s graph is used to display particular actions and their length of time. It is then used for planning 
the project and displaying its stages. It can be used to display expected time consumption and also 
sequence of particular parts within the stated project. To manage and control the project it is necessary 
to have a detailed and realistic planning. Gantt’s graph acts as an overview of the observed process 
only. (59, 60)  

Usage: displaying the length of time of particular activities and verifying the hypothesis 
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3.2    Methodology of authorising the types of railway vehicles and a SW model as a supporting 
tool of authorising methodology 

The aim of the outlined methodology in the area of authorising the types of railway vehicles with the 
emphasis on using the interoperability, new European regulations, rules and decisions, was to set up 
particular possible ways how the authorising itself can be carried out. The methodology is graphically 
shown with the help of development diagram and is afterwards reflected onto a SW model which is the 
main tool to minimise the administrative difficulties of the whole process. 

SW model can also be called as a tool to minimise the administrative problems of the whole process. 
It was created by the VBA macros.  

When creating the Form, we have used used one of the parts of Microsoft Office package – Microsoft 
Excel with VBA editor. I have based my decision to use this on several criteria: 

1. MS Excel is a part of Microsoft Office package which is currently installed on most computers used 
in administration. 

2. MS Excel includes VBA editor which is actually a programming language for Microsoft Office, 
and this opens a lot more other options. 

3. It is possible to open also other files from MS Excel which allows us to have a database in a 
separate file. 

4. Within the VBA it is possible to create files in program MS Word. 
5. Possibility to create pleasant and user-friendly graphical environment. 
6. To create keys and sheets in a standard that the user is familiar with from MS Windows. 

Programming 

Overall creating or generating the Form and final decision about authorising the type of railway vehicle 
was carried out by VBA macros – by the programming. Used were both global variables and functions.  

Form (Exercise book) 

The main exercise book that is used by the user was named as “Form”. It contains one page with the 
same name. The whole Form is named as “The Form about decision of authorising the railway vehicle”. 
It is pre-programmed and locked and the user can fill it in by the keys used for this purpose. In the first 
part are keys “Fill in” that are used to fill in information and “Delete” that is used to delete the filled in 
data. The latter is of course secured by the warning whether the Form should really be deleted. Filling 
in the Form can be postponed at any stage and particular steps can be filled in separately. For filling in 
the Form are always used sheets created in VBA. There are programmed functions and automatic filling 
in to make the work for the user as easy as possible, effective and without mistakes. The Form adapts 
itself according to filled in data so the original and the final one can look completely different. The 
outcome of the whole Form is a prescribed decision in MS Word. Another advantage of the Form is 
also that it is automatically saved into a file and so it is possible to go back to filling it in any time in 
the future.  

VBA 

Programming in VBA is divided in the following files: 

1. Modules 

It contains only one module (General) which includes global variables and functions that serve for work 
with programs Word and Outlook. 
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2. Microsoft Excel Objects 

It contains one „Workbook“ which also has a function that starts right after opening the Form. This 
function should serve to find the way to the file. It is a key for next steps to make it possible to open 
the database and prescribed documents in Word. 

It also contains one „Worksheet“ which includes: 

1. function for opening the database, 
2. function that controls whether the particular cells in the Form have not been changed and on the 

basis of these changes it saves the Form with a new name or it adapts the Form according to filled 
in data (shows and hides parts of the Form), 

It also contains serving functions that are invoked by pressing particular keys. Note: these functions 
open further particular forms and functions according to the key pressed.  

Forms 

There are 15 forms that are used to fill in the Form. These forms invoke by themselves or after pressing 
a key.  

Every form consists of two parts:  

• „Object“ which is its graphic draft, 
• „Code“ which includes source code for particular „Object “. „Code“ contains functions that invoke 

themselves when opening particular form (it serves for initial initialisation and filling in the form 
based on the data already stated in the form). It also includes functions that are opened while filling 
in particular cells (these serve mainly as an assurance that the data have been filled correctly or to 
make sure that data have been filled automatically). Functions that are shown after pushing a button 
serve mainly to open other forms or to close the form. 

 Parts in a graphic interface for Form have been set up with the help of „Properties“ for particular 
elements. All the functions and methods used when programming are described in the Help Excel – 
VBA (option to display after pressing key F1 when the cursor is on this command). 

The whole filling in the Form leads to generating a complete decision that is filled in with the data from 
the database too. 

As is shown below in pictures 1 -3, the basis is to submit a request for authorising the type of railway 
vehicle. At first it is necessary to state or decide whether it will be authorising of the type of railway 
vehicle, its modernisation or innovation. Sending the request in an electronic form will enable its faster 
submitting and authorising body can start the process of its evaluation sooner. Afterwards, the 
authorising body can find an applicant in a database of producers, or it can generate it for the next use. 
The database is or will be constantly updated according to the needs of the authorising body which will 
speed up the process of making the decision, where the date will be automatically reflected. 
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Picture 1. Basis for VBA I.   Source: author 

After setting the purpose of use it is possible to state which way the authorisation will go, or which 
method will be used.   
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Picture 2. Basis for VBA II.                                                           Source: author 

In method 1 we count with the authorisation according to specifications of regulative, mainly with the 
intestate legislature. That is the reason why we have already accounted in this methodology with the 
fact that the user will have an updated version of the regulation. After accomplishing the requirements, 
it is possible to proceed to generating the decision itself.   
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Picture 3. Basis for VBA III.                                         Source: author 

Second version of authorising is verifying the compliance with TSI. Here it is necessary to get a 
reviewing from Notified Body (NoBo). That is the reason why we have already accounted with the 
option of connecting to NoBo. The system also takes into account a possibility of submitting the 
information about the type of vehicle, range of vehicle, power etc. 

4.   Achieved results 

Methodology of authorising the railway vehicles and its usage was verified by the use of simulation 
directly in MS Excel with the use of macros VBA (Visual Basic Application). The aim was to state an 
estimation or the length of time of the authorising process of the railway vehicles or different cases 
within this process. To show the length of particular activities we have used the Gantt’s graph. 

4.1    Installing a mobile part ETCS L1 into an electrical multiple unit class 671 type 214 

Overall time of the process allowing the essential change dwelling in installing ETCS L1 into EPJ class 
671 type 214 was 213 working days. 

Overall time of the process allowing the essential change dwelling in installing EPJ class 671 type 214 
into ETCS L1 into a vehicle with the use of SW was 164 working days. 

Process of authorisation with the use of the system was shortened as followed: 

213 – 164 = 49 working days 

Process without the use of SW.......... 213 working days 
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Process with the use of SW ............ 164 working days 

Save (U) ............................... 49 working days 

U=  49/213×100 

U=23 % 

Percentual savings................  23% 

Hypothesis:  

With the use of the outlined methodology the time of authorising process of the railway vehicles will 
be shorter by 30 %. 

In this case the stated hypothesis was not fulfilled. Percentual saving is 23%. We have not accounted 
with creating a prototype board. Even with this, we can see a large percentage of shortening the length 
of the process. The time of the authorisation is therefore individual, case to case.  

4.2    Authorising the three-system electrical locomotive class 381 type 109 E2 

Overall time of the authorising process of the locomotive class 381 type 109 E2 was 122 working days. 

Overall nett time of the authorising process with the use of SW system was 64 working days. To make 
this time even more effective, there was established a prototype commission which allowed solving 
several possible inconsistencies even before submitting the application for authorisation. 

The process of authorisation with the use of the system was shortened as follows: 

122 – 64 = 58 working days 

Process without the use of SW.......... 122 working days 

Process with the use of SW (without the commission)........ 64 working days 

Process with the use of SW (with the commission)     ........ 85 working days 

Savings (U1) .....................................  58 working days 

Savings (U2) .....................................  37 working days 

U_1=  58/122×100 

U_1= 47 % 

U_2=  37/122×100 

U_2= 30,33 % 

Percentual savings without the commission................  47 % 

Percentual savings with the commission................   30, 33 % 

Hypothesis: 
With the use of outlined methodology, the authorisation process of the types of railways vehicles can 
be shortened by 30 %. 

In this case the stated hypothesis was approved. Percentual saving of the authorisation process means, 
including the length of time of the prototype commission, 30, 33 %. The prototype commission 



| 84 

markedly influences the nett time of the authorisation process. As we have already mentioned, the 
saving of time is very individual. To improve or shorten this can be secured by establishing the 
prototype commission. 

4.3    Authorising the diesel unit class 861 type VR – 24 – 2010 – DMJ 

Overall time of the authorisation process of DMJ class  861 type VR – 24 – 2010 - DMJ was 153 
working days. 

Overall nett time of the authorisation process with the use SW was 40 working days. To make this time 
even more effective, there was established the prototype commission which enabled to solve some of 
the inconsistencies even before submitting the application for authorisation. 

The process of authorising with the use of the system was shortened as follows: 

153 – 40 = 113 working days 

153 – 96 =   54 working days 

Process without the use of SW.......... 153 working days 

Process with the use of SW (without the commission)............40 working days 

Process with the use of SW (with the commission)............96 working days 

Savings (U1) .....................................  113 working days 

Savings (U2) .....................................    54 working days 

U_1=  113/153×100 

U_1= 73 % 

U_2=  54/153×100 

U_2= 35,29 % 

Percentual savings without the commission................  73 % 

Percentual savings with the commission................   35, 29 % 

Hypothesis:  

With the use of the outlined methodology the time of the authorisation process of the railway vehicles 
will be shortened by 35, 29 %. 

In this case the hypothesis was approved. Percentual savings of the authorisation process is, including 
the length of time of the prototype commission, 35,29%. As we have mentioned before, the savings of 
time are very individual and change with each case. To improve or shorten the time is also possible by 
establishing the prototype commission which can influence the length of the authorisation process. 

4.4    Concluding the acquired results 

On the basis of the verification of the outlined methodology of the authorising the types of the railway 
vehicles with the use of SW system, we can conclude that the time of the authorisation process is very 
individual and changes with each case. 
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When verifying the stated hypothesis in practice in the first case – Implementing a mobile part ETCS 
L1 into an electric multiple unit class 671 type 214, the hypothesis was not approved. The saving of 
the authorisation time was by 23%. However, even this result is a significant shortening.  

In the second case – authorising the three-system of an electric locomotive class 381 type 109 E2, there 
was a significant shortening of the authorisation time. It is very important to remark that there was 
established a prototype commission which can directly influence the nett time of the authorisation 
process. Because there was a 30,33% shortening of time, the hypothesis was approved. 

The third case – approving the diesel unit class 861 type VR – 24 – 2010 – DMJ – have also approved 
the stated hypothesis. There was also established a prototype commission which influenced the overall 
authorisation time into such extent, that the shortening was by 35, 29 % 

In the table 1 is shown comparison of the verified results in particular cases. 

Table 1. Conclusion of verifications 

Case Without SW 
Savings days with 

SW (Without 
commission) 

Saving % 

C1 213 49 23 

C2 122 64 47 

C3 153 113 73 

Source: author 

During the verification of the particular cases, we have used simulation, stated estimation of the length 
of particular stages (mostly when using the SW system), and also the method of brainstorming. The 
lengths of time were estimated on the basis of discussions with the representatives of the authorising 
bodies or related subjects. 

5.   Contributions of the graduant 

The doctorate thesis contains complex mapping and summarising of the current situation in 
authorisation process of the types of railways vehicles both home and abroad. It gives information of 
the real legislature related to train railway vehicles. It also offers an overview of the stated problematics 
to both wide public and academic field. 

Methodology, which is based on SW model, significantly makes the authorisation process easier and 
faster. It secures clear evidence and more effective cooperation. It also sets up a possibility of using 
new modern SW tools in the authorisation process. Most of the communication happens online, 
including the issuing the particular documents which are a basis for the decision of the authorisation. 
Therefore, it creates savings of postage costs as well as office material. 

The outlined methodology can be used also internationally. It is possible to change it according to one’s 
needs. After supplementing further functions, it can be adjusted for the needs of EUAR and can speed 
up the communication and exchanging of the information between the EUAR and interstate 
authorisation bodies. This can be secured by the contact treaty between the EUAR and NSA. The aim 
is to use the SW model in accordance with the European legislature. It will result in saving the time of 
the authorisation process, as well as saving the costs related to it.  
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The methodology is an asset also to producers and owners of the railway vehicles as well as wide 
public. Thanks to this methodology there will be a faster exchange of the information, time and cost 
saving and a possibility of operative solution of the possible problems.  
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ABSTRACT 

This dissertation is devoted to the effects of the circumferential ring on the loss of stability of the 
conical shells loaded by an axial force. The truncated conical shell with different shell thicknesses and 
base angles at the lower edge are investigated in this thesis. The main aim is a proposal a new method 
to calculation of load carrying capacity of the conical shell structures with a base angle less than 25° 
loaded by axial force. The proposed method is applicable for different radial stiffness of the 
circumferential ring. Two dimensionless similarity parameters are used in this method. Numerical 
models are created in COSMOS/M package program. The numerical analyses were performed for 
different angles, shell thickness and radial stiffness of circumferential ring. Empirical relationships 
are established based on the results of the numerical analysis. 
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1. INTRODUCTION 

Thin-walled shells have a widespread application in aerospace, mechanical, civil and structural 
engineering concepts in different shapes and types such as robots, shelters, domes, tanks, silos, 
machinery and energy absorbers. They have also significant importance for carrying liquids, 
pressurized gasses, and hazardous substances in road haulage, railroad and water transports. The use of 
the curved skin of vehicles as a load bearing member has similarly revolutionized the construction of 
aircraft. In the construction of all kind of spacecraft, the idea of a thin but strong skin has been used 
from the beginning. The demands in the thin- walled shells are quite prevalent as stated above. 
However, the thin- walled shells are considerably prone to loss of stability. Therefore, there is a great 
concern for the designers achieving maximum strength with a cost-efficient solution in the shells. 

In present days, updated standards and recommendations provide useful approaches. They solve 
stability of the conical shells with the base angle which is higher than 25° and clamped lower end [5,6]. 
Nevertheless, the standard methods are not applicable for the shells which have the base angle less than 
25°. Besides, the rules which are included in the recommendations can be applied only to conical shells 
which have clamped edges or edge with the very stiff ring. In other words, if a conical shell has either 
base angle less than 25° or free/flexible radial stiffness at the edges, these rules cannot be applied. 

Determining the load carrying capacity of the nonstandard structure might be infeasible by referring 
the procedures within the context of the standards and recommendations because it is difficult to 
estimate the nonlinearity of the structure. Likewise, the recommendations and standard methods are 
based on the linear theory of the shells. 

This study focuses on the load carrying capacity of the conical shells with a base angle less than 25° 
which have flexible boundary ring under axial loading. This area has lack of knowledge in the literature. 
Therefore, the main goal of the study is assigned to propose of a new method to estimate load carrying 
capacity of the conical shell structure with a base angle less than 25° for different radial stiffnesses 
under axial loading. The influence of the geometrical initial imperfection is included in the proposed 
method. A new reduction coefficient that simulates the effect of the initial imperfection on the load 
carrying capacity is suggested different from the standard and recommendations [5,6]. Thus, the load 
carrying capacity of the conical shells which stay in the non-linear area, that is mentioned above, can 
be estimated without any need of numerical analysis. 

The study also aims to derive two dimensionless similarity parameters. These parameters allow for 
evaluation of the load carrying capacity of the conical shell for numerous configuration of geometrical 
dimensions in a wide range. One of these parameters represents the general geometrical form of the 
conical shell in terms of base angle, shell thickness, and radius. The other one characterizes the radial 
stiffness of the circumferential ring which is located around the lower edge of the conical shell. 

Effects of the circumferential ring on the load carrying capacity of a conical shell has an important role. 
Effectiveness depends on the radial stiffness of the circumferential ring. It is quite indispensable to 
determine the contribution of the ring only by itself. The study also mentions the influence of the 
circumferential ring stiffness on the loss of stability. The boundary conditions are assigned according 
to fixed supported (infinite radial stiffness), simply supported (zero radial stiffness) and flexible radial 
stiffness at the lower edge. Numerical models and simulations have been performed using FEM 
package program COSMOS/M [9]. 

2.   CURRENT SITUATION OF THE PROBLEM 

Stability of the thin-walled shell structures has been studied by many prominent authors. Results of 
their studies are embedded in standards, regulations, and recommendations. In this dissertation, two of 
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the most important documents of them are cited. These are “Recommendations for Design of Steel 
Shell Structures ECCS” [5] and the “European Standard for Design Steel Structures EN 1993- 1-6-
2007 [6]. On the standards and recommendations, limit state of the shell structures is given in 
consequence of buckling. Some of the other studies which are concerned in this dissertation study are 
presented by, Seide P., Chryssanthopoulos MK, Spagnoli A., Gupta NK and more. 

3. SCOPE OF THE STUDY 

Design criteria of the standard shell structures are provided with some analytical approximations within 
the context of standards and regulations. Whereas, designing of the nonstandard structures requires to 
perform numerical analysis or experiment. 

Additionally, effects of the circumferential ring on the load carrying capacity of a conical shell have a 
significant role depending on the radial stiffness of the ring. It is quite indispensable to determine the 
contribution of the ring on load carrying capacity. It is a robust process to optimize a structure by 
understanding the individual influence of each design parameter. 

As mentioned before, the conical shells with a base angle less than 25° behave highly nonlinear. 
Unfortunately, the limit load of these  type  of  nonstandard  structures  is  not  determined  in  the 
literature,  adequately.  In  addition  to  this,  the  standards  and recommendations are not bright enough 
for conical shells with the low base angle which have flexible radial stiffness at the lower edge. 
Therefore, the standard methods are not applicable for the selected base angle and assigned boundary 
conditions in the study. 

The main goal of this study is to propose a new method to estimate load carrying capacity of the conical 
shell structure with a base angle less than 25° for different radial stiffnesses under axial loading. The 
influence of the initial geometrical imperfection is included in the proposed method. A new reduction 
coefficient that simulates the effect of the initial imperfection on the load carrying capacity is suggested 
different from the standard and recommendations [5,6]. Thus, the load carrying capacity of the conical 
shells, which stay in the mentioned nonlinear area, can be estimated using the new proposed method 
without any need of numerical analysis. 

The study also aims to derive two dimensionless similarity parameters. These parameters allow 
evaluation load carrying capacity of the conical shell for numerous configuration of geometrical 
dimensions in a wide range. Derivation of nondimensional similarity parameters makes possible to 
simulate real applications with a simple model. This study also aims to clarify the effect of radial 
stiffness of circumferential ring on the load carrying capacity under axial loading. For this reason, the 
study includes some topics as follows, 

•  Determination of the load carrying capacity of the conical shells which have a base angle of less than 
25°. 

•  Investigation of the influence of the radial stiffness on the limit load. 

•  Evaluation of the effect of the initial geometrical imperfection on the load carrying capacity. 

•  Derivation of the dimensionless similarity parameters to evaluate limit load in a wide range of the 
conical shell geometries. 

•  Suggestion of a new methodology to estimate load carrying  capacity for conical shells with a base 
angle less than 25°. 
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4.    PROBLEM DESCRIPTION 

4.1   Analytical Study 

An analytical solution is a procedure for determining the carrying capacity of the thin-walled conical 
shell structures which is described in the standards and recommendations. This method is based on the 
linear shell theory, and it is derived from the critical load under axial loading of the cylinder. Amount 
of this value is adjusted with counting some coefficients for simulation of the real applications. These 
coefficients can originate from the effect of boundary conditions, geometry, material model, initial 
imperfection, etc. In order to adapt the analytical approach to the conical shells for evaluating the 
critical load, the existing regulations are modified by finding out compatible correlation factors. 

4.2   Definition of the Model 

Upper radius rl and bottom radius  r2  are  defined  50  and 250 mm relatively for the simulations. The 
base angle is appointed as 10°≤ ∝c≤ 20°. According to these values, the equivalent radius of the conical 
shell is set between 730 and 1440 mm. The width of the circumferential ring bring   is chosen as a 
constant value which is 15 mm. Applying the load directly on the upper edge of the conical shell may 
cause convergence error in the numerical study. Stress gradients may occur on this line with the high 
amount of stress values. Therefore, a very stiff pipe is used on the upper edge to apply load. The load 
is distributed uniformly to the body of the structure by means of this stiff pipe (auxiliary surface). On 
the other hand, the conical shell, which is used as a connection component, is investigated in the study. 
In the present case, the stiff pipe also characterizes  an  adjacent  part  to  simulate  real  condition  more 
precisely. The height of the relatively stiff pipe ℎ is assigned as 10 mm. Cross section area of the 
circumferential ring is evaluated between 6 ≤ Aring  ≤ 300 mm 2. 

 

Figure 4.1 Front and top view of the conical shell (a) Front view (b) Top view 

The thickness of the shell tshell is set 0.5 ≤ tshell  ≤  4 mm 

interval. re/tshell  dimensionless parameter is assigned depending on the equivalent radius and the 
thickness of the shell between 240 ≤  re /tshell  ≤  2880.  Additionally,  the  model  is  performed without 
ring (no radial stiffness) and with infinite stiff ring (fixed supported) in order to find ring effect on the 
limit load. Equivalent radius is calculated in the study as stated below, 

𝑅𝑅𝑒𝑒 = 𝑟𝑟2
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

                                                                                                                                          eq. 4.1 

Where 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 is half-cone angle of conical shell in [Rad], 

 𝑐𝑐𝑐𝑐 =  𝜋𝜋
2

− 𝛼𝛼𝑐𝑐 

Upper radius r1 has relatively small effect on the carryingcapacity of the conical shell structure under 
axial loading. It influences the capacity especially in the r1/r2 ratio is near to 1. These cases are not 
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common in practical applications. The aim of the study is derivation non-dimensional parameter for 
similarity. To achieve this goal, it is needed to be a simplification. Otherwise the behavior characteristic 
of structure under axial load can solely be expressed as a partial function. This situation makes the 
problem highly complicated. For this reason, the r 1 / r 2   ratio excluding between 0.1 and 0.8 is 
neglected and it is assumed that upper radiusdoes not affect the limit load. The problem is simplified 
with a constant upper radius value (r1=50mm). On the other hand, the value of r2  is selected 
250mm initially. But, it is used in similarity parameters as a variable that can be seen in further chapter 
of the study.  

4.3    Numerical Study 

Numerical models and simulations were performed using FEM programme COSMOS/M [9]. For the 
numerical analysis, large displacement module and Quadrilateral thick Shell element (SHELL4T) were 
assigned. Models were generated from three base angle  ac   (10°,  15°  and  20°).  Basic  sketch  of  the  
structure  is illustrated in Figure 4.1. with dimension parameters. 
In this study, geometrically nonlinear analysis (GNA) is performed using COSMOS/M [9], and the 
elastic limit load is carried out. At the first step of the study; the two limit conditions, which are fixed 
and simple end supported conical shells, are evaluated (Figure 4.2). It is important to see the extremities 
of the load carrying capacity. 

 

Figure 4.2 Schematic representation and numeric model of extreme cases. 

In further studies, the limit load of the conical shell for various radial stiffnesses, which is represented 
by a circumferential ring, is investigated. The influence of the radial stiffness on the load carrying 
capacity is one of the central parts of this study. Schematic representation of the conical shell with the 
dimensions is illustrated in Figure 4.3 for this case. Models are axially loaded with 320 N at the 
initiation of the analysis. Because the upper edge is divided into 320 nodes and the load is assigned as 
1 N for each node to make post-processing easy. The arc-length algorithm controls the loading 
increment step by step during the solution process. 

 
Figure 4.3 Schematic representation of the conical shell with the circumferential ring. 

4.4   Mesh Study 

A number of analyses are performed to evaluate dependency of the results to mesh structure. Thus, 
a conical shell which has current dimensions (Table 4.1) is modeled with different element sizes. 

Table 4.1 Geometric dimensions and number of elements of the models (r1=50 mm and r2=250 mm). 
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The load carrying capacity and the displacements in the vertical direction at the limit point can be 
seen in Figure 4.4 and Table 4.1. Displacement values are taken from same data point at which the 
top of the conical shell for all analysis. 

 
Figure 4.4 The results of the mesh study 

The results do not change over 1% between the models created with 2.6 mm (M_3) and 2.1 mm (M_4) 
element sizes. Therefore, the element size is chosen 2.6 mm for the numerical study considering 
computer supplement and time-consuming. 

4.5 Boundary Conditions 

In this study, the conical shells which are used as a connection component for the structure are 
investigated. Simple cone–cylinder connections are the most common form of connections and a ring 
is often provided to strengthen it. Therefore, a typical practical usage of the conical shell structures 
which have a circumferential ring with a cylindrical shell is modeled in the study (Figure 4.5). 
Assignment of the boundary conditions is a critical step for the numerical solution.to simulate problem, 
properly. 

Concerning the solution time and mesh structure, the full scaled numerical model is simplified in the 
numeric analysis (Figure 4.6). This simplification provides decreasing the solution time and getting 
better mesh structure quality with lower computational system requirement. For this purpose, a 
simplified numerical model and a full scaled numerical model are performed to be able to make 
comparison. This step is vital to ensure whether the simplified model is simulated the full scaled one 
accurately or not. 

 
Figure 4.5 Full scaled numerical model. 
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Figure 4.6 Simplified numerical model. 

Four different models are generated, and they are illustrated with “C_” notation. The results show 
that the simplified models can simulate the full scaled model for various dimensionless parameters (re 
/tshell and Γ. see Table 4.2). 

Table 4.2 Geometric parameters and  the limit load of the numerical models. 

 

 
Limit loads of the conical shell structures are substantially same for different parameters. Thus, the simplified 
model is used instead of a full scaled model in the study hereinafter. This numerical model can be seen 
in Figure 4.6. The schematic representation of the conical shell with geometric parameters and boundary 
conditions are illustrated in Figure 4.3. 

Where, the dimensionless Γ is the rigidity parameter of the circumferential ring. It depends on the radius 
of the lower edge of the conical shell, the thickness of the shell and the cross-sectional area of the ring. This 
parameter expresses the influence of the circumferential ring on load carrying capacity of the conical shells 
corresponding  to  the  same  base  angle  ∝c . The  parameter  is 

ℾ = 𝑟𝑟2𝑡𝑡𝑠𝑠ℎ𝑒𝑒𝑒𝑒𝑒𝑒
𝐴𝐴𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

  eq. 4.2 

5 RESULTS AND DISCUSSION 
The primary purpose of this chapter is to determine the carrying capacity of the conical shells under 
axial loading within two limit boundary conditions. In addition to this, the effect of the 
circumferential ring on the carrying capacity of the conical shell is investigated. These limit 
conditions simulate the ring allows unlimited radial displacement or entirely prevents against the 
radial  displacement of the lower edge of the structure.  

5.1 Influence of Boundary Conditions 

The results of the numerical analysis for the conical shells show the limit load of the structure. The 
limit load is substantially dependent on selected boundary conditions (Figure 5.1). Possible 
displacement of the circumferential ring at radial direction causes a reduction in buckling strength of 
the structure. 
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Significance of the boundary condition against the carrying capacity of the conical shell increases, 
especially at the lower re /tshell   values. The results of the fixed supported conical shell (wholly    
restricted    radial    displacement)    suggest    that    the circumferantial ring stiffness is quite efficacious 
on the limit load of the structure. The relation between the limit load and parameter: 

 
Figure 5.1 Influence of the boundary conditions on the carrying capacity of the conical shell base angle 10°. 

It is possible to derive regression curve as a power function of this  parameter  using  the  data  points  
(Eq.  5.1).  The  curve  is relatively dependent on re /tshell  parameter. 

𝐹𝐹𝑙𝑙𝑙𝑙𝑙𝑙 =  𝐾𝐾′( 𝑟𝑟𝑒𝑒
𝑡𝑡𝑠𝑠ℎ𝑒𝑒𝑒𝑒𝑒𝑒

)𝑙𝑙′                                                                                                         eq. 5.1 

The Eq. 5.1 uses for creating the regression curves as a power function and data from GNA analyses 
are taken into consideration. 

Coefficients K ′ and m  are shown in Table 5.1 considering the linear elastic behaviour of the fixed 
supported conical shell. 

The load carrying capacitiy of the simple supported conical shell (utterly allowable radial 
displacement) is relatively low when compared  to  the  fixed  one  at  the  same  re /tshell    value.  
These differences are caused by the radial stiffness of the structures. That means, the carrying capacity 
of the structure is relatively dependent on the radial stiffness. 
Table 5.1. The coefficients of the regression curves of the fixed supported conical shell. 

 
5.2 Conical Shell with Circumferential Ring 

In the previous chapter, relations and coefficients were mentioned to calculate the carrying capacity of 
the simple supported and fixed supported conical shells. These boundary conditions at the lower edge 
are the representations of the extremities. However, in the practical application, the conical shell is used 
with the boundary conditions which are located between these two cases (with a circumferential ring). 
The conical shell is evaluated for the base angle ∝c=  10,15,20°. Cross-sectional area of the 
circumferantial ring Aring  is kept between 6 ÷ 300 m m 2. 
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The following figure is drawn depending on the limit load for different circumferential ring stiffnesses. 
As expected, the curves which belong to various ring cross-sectional areas (different radial stiffness) 
are positioned between the extrimities. It is interesting that the ring area Aring  = 6m m 2   also 
contributes significantly positive effect to the carrying capacity of the conical shell. On the other hand, 
Aring  = 300m m 2  provides nearly same contribution with fixed supported one. Graph for base angles 
10° is seen below (Figure 5.2). In addition to these, the limit load values can be seen in the section of 
appendixes which is found at the end of the dissertation. 

 
Figure 5.2 Limit loads for different radial stiffnesses. 

It is apparently seen that the importance of the radial stiffness on the conical shell structures which 
have base angle lower than 25°, in Figure 5.2. The capability of load carrying can reach three times 
higher in comparison between the structures which have cross-sectional area of the circumferential ring 
of  Aring = 300m m 2 and Aring = 6m m 2 in the lower re /tshell ratios. However, this difference 
decreases in higher re /tshell  ratios. This situation is related to the slenderness of the structure. The 
expected limit load will be low in higher re /tshell  ratios, therefore, even the circumferential ring with 
Aring  = 6mm2   behaves stiff enough against  the  radial  displacement  during  the  nonlinear  collapse 
occurs. Hence, the limit loads of the structures with Aring  = 6mm2 and Aring  = 300mm2 become 
nearly same. 

5.3   Similarity criteria 

The load carrying capacity of the conical shell which has rl=50 mm and r2=250 mm was investigated 
up to now in the present study. The influence of the geometrical parameters on the limit load of the 
structure was examined, separately. But, this section mentions about the derived similarity parameter 
which is the main aim of the thesis. Thus, the load carrying capacity of many different configurations 
of the conical shells can be estimated. For instance, a large conical shell which is used under operation 
can be simulated with a simple model using similarity parameters. In addition to this, the load carrying 
capacity of the structure can be calculated via Eq. 5.3 non-dimensionally without any need to a 
numerical analysis.  

According to results, a similarity between load carrying capacities of the conical shells regarding 
geometrical parameters is tried to derive. Since distributed line load is applied to the structures, it is 
hard to express similarity in terms of limit load for different conical shell geometries. To achieve this 
purpose, the load is normalized by a constitutive relation with respect to the cross- section area of the 
lower edge. Therefore, normalized axial load (Eq. 5.2) is adapted to the results as exhibited in the 
literature before [44 and 45]. It is a function of limit load and geometrical parameters of the structure; 
besides, it represents the limit load in nondimensional form. The limit load of the structure can be 
calculated easily from this nondimensional form. 

𝐹𝐹𝑛𝑛𝑐𝑐𝑟𝑟𝑙𝑙𝑛𝑛𝑙𝑙𝑙𝑙𝑛𝑛𝑒𝑒𝑛𝑛 =  𝐹𝐹𝑒𝑒𝑟𝑟𝑙𝑙
2𝜋𝜋𝑟𝑟2𝑡𝑡𝑠𝑠ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝐸𝐸

  eq. 5.2 
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The function that is seen in Eq. 5.3 gives results in maximum 15% variation when it is compared to 
FEM. Normalized load can calculate with this equation using a and b from corresponding to base 
angle and rigidity parameter Г. 

𝐹𝐹𝑛𝑛𝑐𝑐𝑟𝑟𝑙𝑙𝑛𝑛𝑙𝑙𝑙𝑙𝑛𝑛𝑒𝑒𝑛𝑛 = 𝑎𝑎 � 𝑟𝑟𝑒𝑒
𝑡𝑡𝑠𝑠ℎ𝑒𝑒𝑒𝑒𝑒𝑒

� −𝑏𝑏                                                                                                                        eq. 5.3 

The  aforementioned  non-dimensional  similarity  parameters are re /tshell and Г. Г is calculated as 
seen below. If these parameters are identical for the same base angle, the normalized load of these 
structures is expected to be equal. 

𝑟𝑟 = 𝑟𝑟2𝑡𝑡𝑠𝑠ℎ𝑒𝑒𝑒𝑒𝑒𝑒
𝐴𝐴𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

   

The numerical analyses results and obtained values from Eq. 5.3 for randomly selected conical shell 
structures are seen in Table 5.2.  The  structures  which  are  expected  to  operate  in  real applications 
have different upper and bottom radii. 
Table 5.2 FEM and analytical results for the conical shells with base angle 10° 

 
It is seen that Eq. 5.3 has good agreement with the FEM results. Besides, the similarity parameters are 
well matched. The structures with various geometrical dimensions but same similarity parameters 
have a similar normalized load. In addition to this, if the rigidity parameter of the structure is not found 
in the Table 5.3, linear interpolation is used to get coefficients. 
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Table 5.3 Coefficients of the conical shell for parameter Г. 

 
5.4 Influence of Initial Imperfection 

When researching thin-walled shell structures, the influence of initial imperfections on the loss of 
stability cannot be ignored. The membrane stiffness of the shells is much higher than the flexural 
stiffness. Initial imperfections may cause bringing the structure into bending state at the beginning of 
loading. 

The bending state may also arise due to the nature of the structure (e.g. conical shells with a base angle 
less than 25°). Therefore, the sensitivity of initial imperfection is less pronounced in nonstandard 
structures than the structures with membrane stress dominantly (e.g. a cylindrical shell). 

Initial imperfections may be seen in several types, for example, imperfections in shape, structural 
attachment, non-uniform loading on the structure, residual stresses, uneven distributions of mechanical 
properties of the material, etc. One of the most notable imperfection is called initial geometrical 
imperfection. Initial geometrical imperfections may be caused during manufacturing or transportation 
of equipment. 

Only the influence of geometrical initial imperfections on the load carrying capacity is investigated in 
the present study. The recommendation ECCS evaluates the initial geometrical imperfections as 
follows. 

•  Out of roundness 

•  Eccentricities 

•  Local dimples 
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Size of the characteristic imperfection amplitude Δwk is measured  using  the  ruler  for  measuring  of  
initial  geometric imperfections. The rulers are devised to relate to the size of buckles that are expected 
to form under each of the different basic load cases. The length of the ruler is determined by 𝐼𝐼𝐼𝐼 =
�4𝑟𝑟2𝑡𝑡𝑐𝑐ℎ𝑒𝑒𝑙𝑙𝑙𝑙  in axial loading  (Figure 5.3). The  influence  of  other  geometrical imperfections (out of 
roundness and eccentricity) is less pronounced therefore, they are not investigated in this study. 

 
Figure 5.3. Characteristic imperfection amplitude (depth of dimple) and geometrical parameters 

symbolically. 

The characteristic imperfection amplitude, Δwk  expresses the maximum permitted depth of the 
dimple. Its value depends on the quality of production and the geometrical dimensions of the conical 
shell. 

∆𝑊𝑊𝑘𝑘 =  1
𝑄𝑄𝑝𝑝𝑟𝑟

�
𝑟𝑟𝑒𝑒

𝑡𝑡𝑠𝑠ℎ𝑒𝑒𝑒𝑒𝑒𝑒
𝑡𝑡𝑐𝑐ℎ𝑒𝑒𝑙𝑙𝑙𝑙  eq. 5.4 

where, Qpr  is the influence of fabrication quality parameter from Table 5.4. The influence of the initial 
geometric imperfection on the load carrying capacity of the shell structure is expressed by the reduction 
coefficient α. In order to calculate the reduction coefficient, the ECCS [5] states the relationship as 
follows: 
Table 5.4 Values of fabrication quality parameter Qpr [5]. 

 

𝛼𝛼 =  0.62
1+1.91(∆𝑊𝑊𝑘𝑘

𝑡𝑡𝑠𝑠ℎ𝑒𝑒𝑒𝑒𝑒𝑒� )1.44  eq. 5.5 

 
Changing of the reduction coefficient α is shown in Figure 5.4 depending  on  re /tshell. The  figure  
apparently  shows  that  the structure with higher re /tshell  parameter is more sensitive to initial 
geometrical   imperfection   where   the   reduction   coefficient   a decreases. 

 
Figure 5.4 The change of the reduction coefficient. 
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The reduction coefficient is presented in the ECCS for a fixed supported conical shell (infinite radial 
stiffness) under axial loading. However, the bending effect is higher for simple supported conical shell 
than a fixed supported conical shell. Therefore, it can be assumed that the reduction coefficient 
specified in the ECCS is too conservative for the simple supported structure. For this reason, it is 
important to determine the dependence of the reduction coefficient on the radial stiffness of the conical 
shell. Figure 5.5 shows the dependence of reduction coefficient on the depth of imperfection Δw. 

 
Figure 5.5 Reduction coefficient for different configuration of conical shells with a base angle 15° and tshell = 

0.6 mm 

The production quality classes (Table 5.4) and their respective reduction coefficients according to 
recommendation [5] are illustrated in the graphs (vertical lines nominated with Qpr). Those lines also 
show the maximum permissible depth of the imperfection. The reduction coefficient values that 
obtained from ECCS are too conservative for conical shells even for the quality class A. Hence, this 
value could be replaced by a =  0.70. 
It is also interesting to see from the curves in Figure 5.5 that the increment in the depth of imperfection 
can result in a reduction of its effect on the load carrying capacity. The reduction coefficient may tend 
to increase after a point in some cases. In those cases, the dimple starts to act as a stiffener. 
According to the European Recommendation, the value of the reduction  coefficient  for  conical  shells  
under  axial  loading  is calculated using Eq. 5.5. The proposed calculation methodology by ECCS to 
estimate load carrying capacity of the conical shells is originated from the cylindrical shells. In contrast 
to the cylindrical shells, the conical shells have a significant bending stress. Therefore, the influence of 
initial imperfections, which represents an additional bending effect, is less significant in conical shells 
with base angle less than 25°. From this point of view, it can be assumed that the reduction coefficient 
that is determined based on the cylindrical shell is considerably conservative for conical shells. The 
reduction coefficient does not drop below a = 0.70 for different combinations of shell thickness and 
radial stiffness. Thus, the newvalue of the reduction coefficient is determined in this chapter as a 
constant value of a = 0.70. 

6.  COMPARISON OF CALCULATION METHODS 
The load carrying capacity estimations for the conical shells are compared in this chapter. Obtained 
results from the ECCS recommendations, the proposed method in the present study and the numerical 
analyzes are examined. The load carrying capacity values of the conical shells with diverse types of 
boundary conditions are considered. Influence of the initial imperfections is taken into account using 
the reduction coefficient that is proposed as a=0.70 in previous section. 
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 The dimensions of the fixed conical shell are shown in Table 6.1.The geometry of the cylinder, which 
originates from the geometry of the conical shell, falls within the area of medium length cylindrical 
shells. For this reason, the influence of boundary conditions, which is expressed by the Cx factor, 
assigned to 1. It is assumed that the loss of stability occurs in the elastic region for the randomly selected 
conical shells. Therefore, the effect of the elastic-plastic behavior of the material is not applied for the 
solutions. The reduction coefficient is determined according to the ECCS recommendation by ax in 
calculation of ECCS (Eq. 5.5). (for reasons of clarity, the reduction coefficients are indicated with the 
corresponding indices as 𝑎𝑎𝑁𝑁𝑁𝑁and 𝑎𝑎𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 in the following sections). 

Table 6.1 Fixed supported conical shell dimensions. 

 
Calculation according to ECCS 
Critical elastic stress for the conical shell is expressed by the relation, 

 
Characteristic imperfection depth for production quality class A and the reduction coefficient are 
determined as follows,  

∆Wk = 1
𝑄𝑄𝑝𝑝𝑟𝑟

�
𝑟𝑟𝑒𝑒

𝑡𝑡𝑠𝑠ℎ𝑒𝑒𝑒𝑒𝑒𝑒
𝑡𝑡𝑐𝑐ℎ𝑒𝑒𝑙𝑙𝑙𝑙 = 1

40
�3455

2
2 = 2.08 [𝑚𝑚𝑚𝑚]  

𝛼𝛼𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 =  
0.62

1 + 1.91(𝑊𝑊𝐾𝐾 𝑡𝑡𝑐𝑐ℎ𝑒𝑒𝑙𝑙𝑙𝑙
� )1.44

=  
0.62

1 + 1.91(2.08/2)1.44 = 0.21 

The  factor  Cx   is  determined  using  the  relationship  for  a medium length cylindrical shell regarding 
to the dimensionless length parameter ω. 

ω = 𝑙𝑙𝑒𝑒

�𝑟𝑟𝑒𝑒𝑡𝑡𝑠𝑠ℎ𝑒𝑒𝑒𝑒𝑒𝑒
 

It is assumed that the loss of stability will occur for this conical shell structure in the elastic area 
(i.e.𝜆𝜆𝑥𝑥 ≤ 𝜆𝜆𝑝𝑝). The characteristic buckling stress is given by the relation, 

ỽ𝑥𝑥𝑥𝑥𝑘𝑘 = 𝑋𝑋𝑋𝑋𝑓𝑓𝑦𝑦,𝑘𝑘 =  𝛼𝛼
𝜆𝜆𝑥𝑥

2 𝑓𝑓𝑦𝑦,𝑘𝑘= 𝛼𝛼𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 = 0.21*70 = 14.7 [MPa] 

Limit load is calculated with the following equation for the conical shell, 

𝐹𝐹𝑙𝑙𝑙𝑙𝑙𝑙,𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 = 2𝜋𝜋𝑟𝑟𝑒𝑒𝑡𝑡𝑐𝑐ℎ𝑒𝑒𝑙𝑙𝑙𝑙ỽ𝑥𝑥𝑥𝑥𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐2ᵦ𝑐𝑐= 2xrrx3455x2x14.7xcos2(80) =   19245        [ N] 

then the limit load is normalized using geometrical parameters and modulus of elasticity, 

𝐹𝐹𝑛𝑛𝑐𝑐𝑟𝑟𝑙𝑙𝑛𝑛𝑙𝑙𝑙𝑙𝑛𝑛𝑒𝑒𝑛𝑛,𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 =  
𝐹𝐹𝑙𝑙𝑙𝑙𝑙𝑙,𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸

2𝜋𝜋𝑟𝑟2𝑡𝑡𝑐𝑐ℎ𝑒𝑒𝑙𝑙𝑙𝑙𝐸𝐸
=

19245
2𝑋𝑋𝜋𝜋𝑋𝑋600𝑋𝑋2𝑋𝑋2𝐸𝐸5

= 12.76𝑋𝑋10−6 

GNA type numerical analysis 
Load carrying capacity of the conical shell ( see Table 6.1) obtained using GNA type numerical 
analysis. The numerical result is seen below. The influence of initial imperfections is taken into account  
by  means  of  the  proposed  reduction  coefficient  value 𝛼𝛼𝑁𝑁𝑁𝑁= 0.70 

𝐹𝐹𝑙𝑙𝑙𝑙𝑙𝑙,𝐺𝐺𝑁𝑁𝐴𝐴 =  68171.5 [𝑘𝑘]  

when the effect of initial imperfections is considered the limit load decreases to 𝐹𝐹𝑙𝑙𝑙𝑙𝑙𝑙,𝐺𝐺𝑁𝑁𝐴𝐴, 𝛼𝛼, 
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 𝐹𝐹𝑙𝑙𝑙𝑙𝑙𝑙,𝐺𝐺𝑁𝑁𝐴𝐴, 𝛼𝛼 =  𝛼𝛼𝑁𝑁𝑁𝑁𝐹𝐹𝑙𝑙𝑙𝑙𝑙𝑙,𝐺𝐺𝑁𝑁𝐴𝐴 = 0.70x68171.5 = 47720 [N]  

and it is normalized  

𝐹𝐹𝑛𝑛𝑐𝑐𝑟𝑟𝑙𝑙𝑛𝑛𝑙𝑙𝑙𝑙𝑛𝑛𝑒𝑒𝑛𝑛,𝐺𝐺𝑁𝑁𝐴𝐴,𝛼𝛼= 𝐹𝐹𝑒𝑒𝑟𝑟𝑙𝑙,𝐺𝐺𝐺𝐺𝐺𝐺,𝛼𝛼
2𝜋𝜋𝑟𝑟_2 𝑡𝑡_𝑐𝑐ℎ𝑒𝑒𝑙𝑙𝑙𝑙 𝐸𝐸

=  47720
2𝑥𝑥𝜋𝜋𝑥𝑥600𝑥𝑥2𝑥𝑥2𝐸𝐸5

 = 31.64𝑋𝑋10−6 

Proposed method - The proposed method calculates the load carrying capacity by means of Eq. 5.3 as 
given below, 

𝐹𝐹𝑛𝑛𝑐𝑐𝑟𝑟𝑙𝑙𝑛𝑛𝑙𝑙𝑙𝑙𝑛𝑛𝑒𝑒𝑛𝑛 = 𝑎𝑎 �
𝑟𝑟𝑒𝑒

𝑡𝑡𝑐𝑐ℎ𝑒𝑒𝑙𝑙𝑙𝑙
� −𝑏𝑏 

The coefficients of the regression curve of the fixed supported conical shell are shown in Table 5.3. 
Table 6.2 Regression curve coefficients 

a b 

0.0696 0.995 

 

𝐹𝐹𝑛𝑛𝑐𝑐𝑟𝑟𝑙𝑙𝑛𝑛𝑙𝑙𝑙𝑙𝑛𝑛𝑒𝑒𝑛𝑛 = 𝑎𝑎 � 𝑟𝑟𝑒𝑒
𝑡𝑡𝑠𝑠ℎ𝑒𝑒𝑒𝑒𝑒𝑒

� −𝑏𝑏 = 0.0696 �3455
2

� −0.995 = 41.82x10-6 

and the effect of initial imperfections reduces the calculated value using reduction coefficient αNM. 
𝐹𝐹𝑛𝑛𝑐𝑐𝑟𝑟𝑙𝑙𝑛𝑛𝑙𝑙𝑙𝑙𝑛𝑛𝑒𝑒𝑛𝑛,𝛼𝛼 = αNM 𝐹𝐹𝑛𝑛𝑐𝑐𝑟𝑟𝑙𝑙𝑛𝑛𝑙𝑙𝑙𝑙𝑛𝑛𝑒𝑒𝑛𝑛= 0.70x 41.82 x 10-6 = 29.28x 10-6 

Comparison of the results 

A summary of the previous results is shown in Table 6.3.  

Table 6.3 Comparison of results for the fixed supported conical shell. 

Fixed Supported 
Conical Shell 

ECCS GNA Analysis Proposed Method 

𝑭𝑭𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏 ∗ 𝟏𝟏𝟏𝟏𝟔𝟔 12.76 31.64 29.28 

The value of the reduction coefficient 𝛼𝛼𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 is relatively low in the calculation of ECCS. Thus, the 
calculation with respect to ECCS is quite conservative in the case of the fixed supported conical shell. 
On the other hand, the proposed method gives quite  compatible value to numerical result. 

7. CONCLUSION 

In this study, the load carrying capacity of the conical shell structures which have different radial 
stiffnesses is examined. The base angle of the conical shell structures is kept less than 25° to contribute 
to filling the deficiency in the literature. A new method is proposed to estimate the load carrying 
capacity for mentioned conical shell structures. Results which are obtained from the nonlinear FEM 
analyses are stated below. 

In order to predict load carrying capacity of the conical shell structures under the axial load with lower 
base angles (i.e. 10, 15 and 20⁰), non-dimensional design parameters (Γ and re /tshell ) are derived.  
Based  on  these  parameters,  a  similarity  approach  is proposed which estimates load carrying 
capacity of the shells of different shell geometry configurations at the same base angle. This similarity 
approach tells that the two different shell configurations having the same Γ, re /tshell and base angle 
have the same normalized loads. Practically, this provides an enormous advantage of estimating load 
carrying capacity of the conical shells from small to large structures. Therefore, there is no need to 
perform some series of the experiments to determine the load carrying capacity of the structures. 
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A simple expression is proposed to calculate the normalized load of the conical shell structure as a 
function of the dimensionless geometrical shell parameters and two constant coefficients of “a” and 
“b” which are selected considering the base angle, rigidity parameter. In this way, it enables an 
appropriate prediction of the load carrying capacity of the conical shell structures under the axial load 
for a variety of the shell configurations without performing some complex non-linear FEM analysis 
or numerical solutions. Furthermore, the discrepancy of the proposed new method and FEM results of 
the normalized load is found out to be the maximum 15% which can be considered in the acceptable 
limits for a highly nonlinear shell behavior of the lower base angles (10, 15 and 20⁰). 

Implementation of the linear theory in the load carrying capacity calculations concludes with the high 
amount of deviations due to the presence of the circumferential ring and highly nonlinear shell 
response of the shell structures which is encountered at low base angles such as 10, 15 and 20⁰. The 
proposed expression for the normalized load minimizes this aforementioned deviation and keeps the 
results within the acceptable limits. Since particular equation coefficients of “a” and “b” are selected 
in order to characterize the non-linear response of the corresponded shell geometry. 

In the scope of the thesis, the value of r1 is kept constant to be 50mm. Because the influence of the 
upper shell radius r1 on the load carrying capacity can be neglected for a wide range of upper-to- 
bottom shell radius ratios “r1/r2” as a result of performed FEM simulations. However, the influence 
of the upper shell radius on the load carrying capacity of the shell structure is observed to be more 
apparent as the upper-to-lower shell radius ratio “r1/r2” approaches its extremities which are r1/r2=0 
and 1. 

The influence of initial imperfections, which represents an additional bending effect, is less significant 
in conical shells with base angle is less than 25°. From this point of view, it can be assumed that the 
reduction coefficient that is determined based on the cylindrical shell is considerably conservative for 
conical shells. 

The  reduction  coefficient  does  not  drop  below  α=  0.70  for different combinations of shell 
thickness and radial stiffness. Thus, the new value of the reduction coefficient is proposed as a constant 
value of α =  0.70. 

Circumferential ring implementation and its radial stiffness make a contribution to the load carrying 
capacity of the structure under  the  axial  loading.  The  influence  of  the  radial  stiffness increases 
as re /tshell   parameter decreases. The results show that application of circumferential ring in lower 
re /tshell  dimensionless parameter value becomes more advantageously. 

7.1 Scientific Contribution of the Doctoral Dissertation 

The influence of the circumferential ring on the load carrying capacity of a conical shell under axial 
loading has not been involved fully in the European Recommendation ECCS [5]. Also, relationships 
in the recommendation are not applicable to the conical shells structures that have a base angle less 
than 25°. 

Evaluation of the load carrying capacity of the fixed supported shell structures is outlined in the ECCS 
[5]. Nevertheless, this calculation may give higher values for the real application because of the 
flexible radial restrains. The results are presented in the study in order to complement the current state 
of knowledge of science and technology. 

Determination of the limit load for the nonstandard conical shell structures with a circumferential ring 
has not been resolved yet. Validating the numerical results with the experimental study is necessary. 
After validation process, the study will be put on authorities display. 
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7.2 Implementation of the Results in Practice 

This study proposes a new method to predict load carrying capacity of a conical shell structure and it 
suggests similarity parameters. By means of these parameters, experiments can be performed with 
small-scaled structures for simulation the real one. Additionally, the method allows estimation the 
load carrying capacity without any need of numerical analysis and avoids timeconsuming. Thus, 
efforts have been made to contribute to the design process in fields such as transport, machinery and 
civil engineering where thin-walled shells are widely used. For this purpose, further studies should be 
accomplished primarily. 

7.3 Future Works 

For the further parts of the current study, the following evaluations and statements are to be completed, 
respectively which are; 

• A validation methodology will be conducted in order to ensure that how the numerical study 
approaches the experimental results. Hereby, a specimen will be manufactured, and it will be 
loaded by a hydraulic press. A load history concerning vertical deformation will be extracted to 
make a comparison of proximity. 

• The influence of the material nonlinearity is described in the ECCS for cylindrical shells. It is 
suggested that the determination of the transition boundaries to the plastic and elastic-plastic 
region for the conical shells under axial loading should be investigated in further studies. 
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ABSTRACT 

The effect of inherent uncertainties in material properties on the global response of substandard 
reinforced concrete (RC) structural members was investigated by the stochastic study. An 
experimentally validated finite element model (FEM) was, therefore, combined with a suitable 
stochastic sampling technique (Latin Hypercube Sampling (LHS)). Then, the effect of inherent 
uncertainties on the material mechanical properties was studied by uncertainty analysis, while the 
uneven distribution of concrete mechanical properties over the specimen was accurately characterized 
by random fields theory. The partial correlation coefficient between material parameters and response 
variables was also evaluated to outline the parameters which mainly contribute to the global response 
(i.e., sensitivity analysis). Such an advanced modelling strategy was implemented on three different 
testing programs comprising RC members designed with structural details and material properties non-
conforming to current codes and guidelines. The first testing program deals with experimental 
performance of an over-reinforced and shear critical beams together with stochastic assessments of 
beam members via computational stochastic mechanics. The effect of uncertainties on the response of 
shear critical and carbon fiber reinforced polymer (CFRP) retrofitted beam-column joints, which were 
selected from available testing programs in the literature, was also discussed. The stochastic-based 
numerical prediction of beam-type RILEM bond specimens characterized variability in the identical 
tests satisfactorily. Owing to the more realistic assessment capability of the stochastic-based nonlinear 
finite element (FE) analysis, the global response of the substandard RC members (over-reinforced and 
shear critical beams; shear critical and CFRP retrofitted beam-column joints; beam-type RILEM bond 
specimens) was accurately reproduced.  

Keywords: Reinforced Concrete, Substandard, Sensitivity; Stochastic Assessment; Finite Element 
Method, Nonlinear Analysis, Uncertainty, Random Fields 



1 INTRODUCTION 
According to the capacity design principles specified in most modern codes and guidelines, structural 
members should exhibit a ductile response. The requirements to meet the ductile behavior and design 
principles are carefully described in the relevant documents. However, a significant portion of RC 
buildings in the existing building inventory of both developed and developing countries have specific 
deficiencies at the local level, which usually cause premature failure of structural members. Severe 
damage at the member remarkably violates the integrity of the structural system. The obvious outcomes 
are poor energy dissipation and sudden degradation of strength and stiffness. As local damages also 
actuate the global failure mechanism, investigating the behavior of substandard members is essential. 
Based on field observations and laboratory tests, capacity design principles have earmarked deficient 
RC members as critical components in the moment-resisting frames. It is, therefore, important to pay 
enough attention to the assessment of RC members with local deficiencies.  
Several attempts have been made to investigate the response of substandard RC members by using 
experimental and numerical methods. However, further developments are urgently needed due to the 
randomness in either material properties or strength distribution over specimen geometry. Therefore, a 
more advanced method, which combines the nonlinear FEM with the stochastic sampling technique, is 
required. Owing to the more realistic assessment capability of the stochastic-based nonlinear FE 
analysis, which is available in user-friendly computer tools, reproducing the structural response of 
substandard members using computational stochastic mechanics could yield more accurate results for 
assessment purposes. Therefore, a focus on the probabilistic nonlinear computer simulations should be 
given. 
In this study, different kinds of failure modes in substandard RC members were assessed by using 
stochastic approaches. For this reason, the nonlinear FEM was combined with a suitable stochastic 
sampling technique for the realistic prediction of the structural response in substandard RC members. 
Overall, the effect of inherent uncertainties on the material mechanical properties was studied by using 
uncertainty analysis, which leads to obtaining the basic statistics of response variables. The sensitivity 
of material properties on the global response was also measured by evaluating the partial correlation 
coefficient between material parameters (i.e., input variables) and strength parameters (i.e., response 
variables). Moreover, the uneven distribution of concrete mechanical properties over the specimen was 
accurately characterized by random fields theory, which establishes weaker and stronger spots over the 
specimen. All of these provided a broad perspective in assessing the results.  
The stochastic approach was implemented in three different testing programs. The first testing program 
deals with over-reinforced and shear critical beams. The experimental performance of two substandard 
beam specimens was first obtained and then accurately reproduced in the FE environment. The effect 
of inherent uncertainties at a material level for an over-reinforced and shear critical beam, and the 
uneven distribution of concrete mechanical properties over the shear critical beam were handled by an 
uncertainty analysis and random fields approach, respectively. The stochastic assessment of shear 
critical and CFRP retrofitted beam-column joints, which were selected from available testing programs 
in the literature, was also investigated. The experimental performance of shear failed joints, and CFRP 
fracture was closely estimated by using the stochastic approach. The relative impact of each material 
properties on the shear critical and CFRP retrofitted joints was then provided, which remarks the most 
critical material parameters affecting the global response. The third testing program focused on the 
stochastic-based numerical prediction of beam-type RILEM bond specimens. The proposed bond 
stress-slip relations, which were evaluated from the experimental data, were first implemented in the 
FE models. Thus, the deterministic numerical models accurately reproduced the experimental 
performance of confined and unconfined specimens under cyclic and monotonic loading. The 
variability in the identical tests was satisfactorily characterized by the stochastic assessment.  
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To conclude, the stochastic approach described in this study was implemented on three different testing 
programs. The performance of the advanced assessment method on different failure modes, which 
combines the nonlinear finite element method with the stochastic sampling technique, was evaluated. 

2 MODELLING PARAMETERS 
As the computer-aided nonlinear analysis is now available for RC members, refined numerical models 
allow for reproducing the response of substandard members with satisfactory accuracy. This chapter 
briefly presents the numerical modeling strategies in a user-friendly computer tool ATENA 
software [1], used for different RC members that have exhibited different failure types. 
The concrete geometry was modeled using the hexahedral element CCIsoBrick. The constitutive 
models of tensile and compressive behaviors were combined in CC3DNonLinCementitious2 (a 
fracture-plastic concrete model) in the software. Moreover, the Reinforced Concrete material model 
provides an opportunity to model the reinforcement in a smeared manner. An elliptical hardening and 
linear softening behavior were assumed in defining the uniaxial compressive behavior of the concrete 
[2]. Accordingly, a strain-based hardening response was followed by a displacement-based linear 
softening response in compressive. The relation in the form of the Gaussian curve was implemented to 
reduce the compressive strength in cracked concrete while its parameters were obtained from available 
literature [3,4]. Menetrey and Willam criteria [5] was implemented for the definition of the failure 
surface in the numerical model. The behavior of plain concrete under tension was assumed to be 
uncracked in the elastic region while an exponential softening response between the stress in the crack 
σ and crack width w was adopted in the post-elastic region [6]. The crack width at complete stress 
release wc was evaluated by the relation between fracture energy Gf and displacement w [6]. The 
smeared crack concept in combination with crack band theory [7] was implemented in the software for 
the strain-displacement relation. The stress in the crack is not completely released in the heavily 
reinforced members due to the strength provided by the reinforcing bar. Therefore, tensile softening 
behavior was modified accordingly in the beam and column by using the relation proposed in CEB-
FIP Model Code [8]. 
The longitudinal reinforcing bars were defined as truss elements with a bilinear elastoplastic model, 
considering the hardening behavior. It was modeled as a discrete reinforcement embedded in the 
concrete geometry. Menegotto and Pinto [9] model for the nonlinear cyclic material behavior of the 
reinforcing steel was employed. The reinforcing bar was fully connected to the surrounding concrete 
geometry with the limited bond strength, which is defined by a CCBarWithBond type element [1]. 
The CFPR sheets were modeled using membrane elements with composite material properties. Namely, 
the CFRP net was defined by the smeared reinforcement concept by the Reinforced Concrete material 
model, which combines the brittle material with reinforcement [10]. Therefore, the brittle response of 
epoxy resin was defined as that of a fracture/plastic material (i.e., CC3DNonLinCementitious2), while 
the CFRP was modeled as a smeared reinforcement. The bond between the concrete surface and CFRP 
sheet was characterized by inserting a supplementary surface (an interface) between the two materials. 
The interface material is based on Mohr-Coulomb criterion [11]. 
The efficiency of the numerical model is strongly related to the mesh size as it has vital importance on 
the accuracy of numerical results. The mesh size was optimized by trying different mesh size until the 
variation in the computed maximum load is minimized. 
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3 STOCHASTIC STUDY 
3.1 Uncertainty Analysis 
The randomness in the material properties can be simulated by computational stochastic fracture 
mechanics. Hence, the deterministic model was evolved to the stochastic level. Sets of input parameters 
were simulated by a stratified sampling technique (i.e., Latin Hypercube Sampling (LHS)) using 
defined distribution functions. The deterministic values with their distribution, and the correlation 
among the material parameters are presented in Table 1, and Table 2, respectively. Those are based on 
experimental observations, Pukl et al. [12], fib Bulletin No.22 [13], Gulbrandsen [14], Atadero and 
Karbhari [15], Baji et al. [16] and Joint Committee on Structural Safety (JCSS) [17].  
A set of load-displacement curves was achieved as the outcome of the performed analyses with 
generated samples. The distribution of the ultimate load (i.e., response variable) corresponding to each 
cycle was obtained from that bundle. Moreover, basic statistics of the response variable (e.g., mean 
value, standard deviation, and PDFs of capacity) were provided. Finally, the Spearman rank-order 
correlation coefficient between the generated input and response variables was found. The major 
material parameters characterizing the overall behavior of the specimens were thus provided. 
Table 1. Material properties as random parameters and their statistical distributions 

Parameter Mean Value, µ COV Distribution 

Concrete
Elastic Modulus, Ec (MPa) 4700√fc [18] 0.10 Lognormal (2 Parameter) 
Tensile strength, fct (MPa) 0.30fc2/3 [8] 0.30  Lognormal (2 Parameter) 

Compressive Strength, fc (MPa) 8.05 EJ-R 
9.40 EJ-C 0.15 Lognormal (2 Parameter) 

Fracture Energy, Gf (N/m) 73fct0.18 [8] 0.25 Weibull (2 Parameter) 
Compressive Strain, εco (mm/mm) fc/Ec [2] 0.15 Lognormal (2 Parameter) 

Plastic Displacement, wd (m) Linear [19] 0.10 Lognormal (2 Parameter) 

Reinforcing Steel 
Elastic Modulus, Es (GPa) 190.9 0.07 Lognormal (2 Parameter) 
Yield Strength, fy (MPa) 295.5 0.07 Lognormal (2 Parameter) 

Ultimate Strength, fu (MPa) 437.5 0.07 Lognormal (2 Parameter) 
Ultimate Strain, εu (mm/mm) 0.21 0.07 Normal 

CFRP 
Elastic Modulus, Ef (GPa) 230 0.08 Lognormal (2 Parameter) 
Tensile Strength, ff (MPa) 4900 0.08 Lognormal (2 Parameter) 

Effective thickness, tf (mm) 0.111 - Deterministic 

MBT-MBrace® Adesivo (Saturant) 
Elastic Modulus, Eas (MPa) 1800 0.10 Lognormal (2 Parameter) 

Compressive Strength, fcas (MPa) 80 0.15 Lognormal (2 Parameter) 
Tensile strength, fctas (MPa) 12 0.30  Lognormal (2 Parameter) 
Fracture Energy, Gfas (N/m) 100 [20] 0.25 Weibull (2 Parameter) 

Compressive Strain, εcos (mm/mm) fcas/Eas [2] 0.15 Lognormal (2 Parameter) 
Plastic Displacement, wd (m) Linear [2] 0.10 Lognormal (2 Parameter) 

Table 2. Correlation coefficients among the random parameters 

Concrete and Adesivo (Saturant) Steel CFRP 
Ec fc fct Gf εco Es fy fu εu Ef ff

Ec 1   0.70 0.60 0.40 0.90 Es 1 0 0 0 Ef 1 0.31 
fc 1 0.70 0.50 0.90 fy 1 0.75 0.45 ff   SYM 1 
fct SYM 1 0.80 0.60 fu SYM 1 0.60 

Gf 1 0.50 εu 1 
εco 1 

3.2 Random Fields Theory 
The response of the structural member is influenced by the uneven distribution of the concrete 
mechanical properties. For this purpose, the uncertainties in the distribution of the concrete mechanical 
properties over the specimen were described as random variables. This randomness was considered via 
the random fields approach [21]. The samples from the statistical analyses were the input parameters 
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(listed in Table 1) for the nonlinear FE solutions. In the refined numerical models, these input 
parameters were not distributed evenly, but were established as weaker and stronger regions over the 
specimen. In other words, the concrete mechanical properties changed with the geometric coordinates, 
causing variability over the specimen. The random fields for each prominent material parameter were 
generated in FReET [22]. The deterministic model was then modified in SARA Studio [23], which 
interfaces the statistical analysis (i.e., FReET results) to FE software, enabling probabilistic nonlinear 
analyses. 

4 CASE I: BEAM TEST 
Two different failure modes of RC beam members, which include concrete crushing due to reaching 
the limit strain of the concrete in compression and excessive shear failure, were examined using 
experimental and stochastic methods. 
4.1 Experimental Program 
A series of tests on the shear critical and over-reinforced beams were conducted in cooperation with 
Structural Mechanics Laboratory, Department of Civil Engineering, Eskişehir Technical University, 
Turkey. The experimental program consists of a four-point bending test on the shear deficient and over-
reinforced substandard RC beam specimens. While the shear critical beam was designed without any 
transverse reinforcement to achieve excessive shear failure by exceeding the tensile strength of the 
concrete, the over-reinforced beam was designed with reinforcement detailing, resulting in concrete 
crushing. The specimens were constructed from low strength concrete. The details of the specimens are 
depicted in Fig. 4.1a and b, respectively.  

(a) 

(b) 

Fig. 4.1 Reinforcement scheme and dimension details (a) shear critical specimen, EB_R (b) over-reinforced 
specimen, EB_C 

The summary of the test specimens is presented in Table 4.1. 
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Table 4.1 Description of test specimens 

Specimen 

EB_R EJ_C 

Description Shear Critical Over-Reinforced 
Reinforcement Scheme Fig. 4.1a Fig. 4.1b 

Concrete Compressive Strength, fc (MPa) 15.0 17.1 

Elastic Modulus, Es (GPa) 200 
Yield Strength, fy (MPa) 460 

Ultimate Strength fu (MPa) 632 
Ultimate Strain, εu (mm/mm) 0.17 

Beam Dimension 150 x 250 x 2500 mm 
Longitudinal Reinforcement 2ɸ16+2ɸ8 4ɸ16+2ɸ8 

Transverse Reinforcement ɸ8@50, 680 
1820 and 2450 mm ɸ8/70 

Application of Displacement Four-Point Bending 
Loading Protocol Monotonic 

Failure Mode Shear Failure Concrete Crushing 

4.2 Over-Reinforced Beam 
The exhibited performance of the specimen was a brittle type of failure as a result of concrete crushing 
caused by reaching the limit strain of the concrete in compression (Fig. 4.2a). The stress distribution 
along the specimen’s longitudinal axis and crack pattern are depicted in Fig. 4.2b. The resulting failure 
mode was predicted well by the numerical assessment. Concrete crushing in the compression zone was 
in good agreement with the compressive stress distribution obtained from FE analysis. The flexural 
hairline cracks in the tension zone were also captured by the numerical solution.  

(a) 

(b) 

Fig. 4.2 (a) Concrete crushing in the over-reinforced beam (b) numerical prediction at failure 

The deterministic FE model, which was modeled with the average values of the material parameters, 
matched well with the experimental capacity with an error of 10%. The set of load-displacement curves 
formed a band around the deterministic model, which was also covered by the experimental results 
(Fig. 4.3). The stochastic bundle also provided the upper and lower boundaries of the load, 
corresponding to each displacement level. The scatter was higher in the subsequent displacement due 
to the effect of different nonlinear mechanisms. 
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Fig. 4.3 Set of load-displacement curves in over-reinforced beam 

4.2.1 Reliability Analysis of Over-Reinforced Beam 
The PDF of the load, which corresponds to the critical deflection L/250 described in EN 1992-1-1 [24], 
was obtained from the stochastic bundle. After that, the safety margin was obtained by subtracting 
capacity (i.e., resistance) from demand (i.e., load). Finally, the load corresponding failure probability, 
related to the irreversible serviceability limit state, was computed as 73.5 kN (Fig. 4.4a). Namely, the 
values smaller than 73.5 kN are safe according to the reliability concept. The PDF of the ultimate loads 
is found as well for the over-reinforced beam (Fig. 4.4b). The load corresponding failure probability, 
related to the irreversible serviceability limit state, was computed as 79.2 kN. 

Fig. 4.4 PDF of (a) serviceability limit state (b) ultimate limit state 

4.2.1 Sensitivity Analysis of Over-Reinforced Beam 
The relative impact of concrete compressive strength fc was the most considerable among others as it 
has the highest correlation (Fig. 4.5). Thus, the experimental and numerical responses, which were 
characterized by concrete crushing due to reaching the limit strain of concrete, were also ascertained 
by the sensitivity analysis. The tensile strength of concrete fct influenced the global response 
remarkably. It is worthy to mention that flexural cracks also appeared during the test. Thus, the tensile 
strength of concrete fct became critical up to a certain level of displacement. The sensitivity measures 
on the remaining materials showed a low correlation coefficient. Thus, their relative impact on the 
global response was not significant.  
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Fig. 4.5 Sensitivity of material properties in EB_C 

4.3 Shear Critical Beam 
The spatial variability of the concrete mechanical properties along the specimen vitally affects the 
capacity, initial stiffness, and ultimate displacement of the specimen. These behaviors were clearly 
identified in the presented stochastic bundle of load–displacement curves. The randomized concrete 
strength did not influence the linear response of the specimen, but remarkably affected the nonlinear 
response of the concrete. The shear failure caused severe damage on the left side of the beam (Fig. 
4.6a). On the other hand, the crack pattern in the deterministic FE analysis was distributed almost 
evenly on both sides of the specimen (Fig. 4.6b). The random fields theory accounts for variability in 
the concrete mechanical properties. The possible crack patterns in some of the selected analyses are 
presented in Fig. 4.6c. As depicted in the figures, the crack pattern obtained in each analysis 
considerably depended on the randomness. 

(a) (b) 

N2 N6 

N8 N19 

N22 N30 

Fig. 4.6 Damage state at failure: (a) experiment (b) deterministic model (c) random fields 

Fig. 4.7 shows the range of load-displacement curves for beams with different material properties. The 
stochastic approach provided the possible ranges of load-displacement curves. As the geometrical 
position of the weakest spot defines the failure mode and capacity, the load-displacement curves in the 
stochastic analysis did not form a band around the deterministic model. The important point in such 
predictions is that the experimental results to be used for the assessment of the member (i.e., the 
observed initial stiffness, peak load, failure mode, and crack pattern) could be covered by the stochastic 
model.
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Fig. 4.7 Set of load-displacement curves 

5   CASE II: JOINT TEST 

The effect of inherent uncertainties in material constitutive models on the response of substandard as-
built and CFRP retrofitted RC beam-column joints was investigated through a stochastic study. 

5.1    Selected Experimental Tests 

The experimental tests used to validate the proposed numerical models collected from two different 
testing programs previously conducted by the author: Yurdakul [25], Yurdakul and Avşar [26,27], and 
Yurdakul et al. [28]. The full-scale test specimens, which represent the exterior beam-column joint, 
were constructed by considering the most common deficiencies. Geometrical parameters and material 
properties were selected in such a way that they would characterize the construction practices of the 
existing deficient beam-column subassemblies (Fig. 5.1a and b). 
5.1.1    Structural Retrofit 

The design philosophy in the rehabilitation of specimens is to attain the initial capacity, upgrading the 
performance of structural members, delaying or eliminating brittle failure modes, and initiating the 
formation of flexural plastic hinges in the beam to attain a ductile behavior [29]. In dimensioning CFRP 
sheets, it was assumed that the lateral load causing beam yielding without joint failure will be 
carried only by the corresponding CFRP sheets (Fig. 5.1c). 
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(a) 

(b) (c) 

Fig. 5.1 a) 3D view of the selected specimen (b) dimension and reinforcement details of the 
subassembly (c) CFRP retrofitted specimen [25,27] 

5.2 Hysteric Response 
The overall response of the reference specimen representing the as-built subassembly (EJ-R) was 
dominated by the joint shear failure, which results in premature failure of the RC member. When the 
deterministic model evolved to the stochastic level, the scatter with the possible range of the load 
for each drift level can be seen in Fig. 5.2a and b. 

(a) (b) 

Fig. 5.2 (a) Hysteric response of reference specimen, EJ-R (b) envelope curve of hysteresis loops 

The resulting large corner-to-corner cracks in the joint panel and propagated cracks at the joint back 
were reasonably reproduced by the deterministic numerical assessment of the reference specimen (Fig. 
5.3a-c). As the imposed displacement increases, new hairline cracks spread over the whole beam (Fig. 
5.3a and b). In the subsequent drift levels, the existing cracks in the joint panel widened while those 
propagated in the beam almost closed (Fig. 5.3b and c). 
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0.2% Drift Ratio (First crack) 2% Drift Ratio 4% Drift Ratio (Failure) 
(a) (b) (c) 

Fig. 5.3 Comparison of crack pattern obtained by experimental response and deterministic numerical model 
for the reference specimen (EJ-R) (a) first joint cracking (b) 2% drift ratio (c) 4% drift ratio 

The specimen incorporating the retrofit solution via CFRP wrapped in an X pattern (EJ-C) suffered 
from diagonal cracks after a certain level of displacement corresponding to CFRP debonding/rupture. 
Therefore, the specimen displayed a non-ductile behavior together with the distinct strength 
deterioration and stiffness degradation due to the shear failure of the joint after CFRP rupture. A set of 
load-displacement curves along with both the experimental response and numerical assessment is 
depicted in Fig. 5.4a and b for the retrofitted specimen. 

(a) (b) 

Fig. 5.4 (a) Hysteric response of retrofitted joint, EJ-C (b) envelope curve of hysteresis loops 

The deterministic numerical assessment well captured the crack pattern together with the resulting 
failure mode. The severe joint shear cracks at failure were also monitored in the deterministic model. 
Moreover, the vertical splitting cracks at the beam-joint interface were closed partially in the beam, 
which was accurately reproduced in the FE model as well (Fig. 5.5a-c). 
4.4.1    Analysis of Results 

The ultimate strength of the specimen is one of the important parameters in the cyclic response 
assessment of specimens. Basic statistical parameters related to the ultimate strength were, therefore, 
provided in Fig. 5.6a and b. The PDFs of peak strength and their statistical parameters (i.e., mean 
value and standard deviation) were obtained from the series of data points (i.e., ultimate capacity of 
each analysis). For the fitted distributions, Chi–square or Kolmogorov–Smirnov tests, which measure 
the goodness of the fit, are satisfied at the 95% confidence level. Then, the mean value of predicted 
peak strength was compared with the experimentally obtained capacity. 
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0.2% Drift Ratio (First beam crack) 2% Drift Ratio 4% Drift Ratio (Failure) 
(a) (b) (c) 

Fig. 5.5 Comparison of crack pattern obtained by experimental response and deterministic numerical 
model for the retrofitted specimen (EJ-C) (a) first joint cracking (b) 2% drift ratio (c) 4% drift ratio 

Positive Loading Direction Negative Loading Direction 

Fig. 5.6 (a) PDFs of EJ-R (b) PDFs of EJ-C 
5.3    Sensitivity Analysis 

The contribution of the concrete tensile strength fct to the global response was the most significant, 
because it had the highest correlation coefficient for the positive and negative loading direction of 
the reference specimen. (Fig. 5.7a and b). The relative impact of the concrete compressive strength fc 
on the global response was also considerable. This phenomenon can be attributed to the 
development of the diagonal compression strut mechanism, which is perpendicular to the tension tie 
at the joint panel. The remaining material properties had a weak influence on the global response 
as the correlation coefficients are rather low (in some cases very close to zero). 
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(a) (b) 

Fig. 5.7 Sensitivity analysis in the reference specimen EJ-R (a) positive loading direction (b) negative 
loading direction 

The sensitivity measures resulted in high correlation with three input variables of the retrofitted 
specimens, which included the tensile strength of concrete fct, compressive strength of concrete fc, 
and tensile strength of epoxy resin fctas (Fig. 5.8a and b). A gradual increment was observed in 
the correlation coefficient of the concrete compressive strength fc. 

(a) (b) 

Fig. 5.8 Sensitivity analysis in the retrofitted specimen (a) positive loading direction (b) negative loading 
direction 

6    CASE III: BOND TEST 

This chapter deals with the exhibited performance of beam-type RILEM bond specimens and their 
stochastic assessment by computational stochastic mechanics. 

6.1    Experimental Program 

The principle of the test described in this section is based on RILEM recommendation [30] and 
EN 10080 [31]. A beam specimen is tested under flexure by a four-point bending test (Fig. 6.1a). 
The failure criterion is the complete loss of adhesion in one half of the beam or failure of reinforcing 
steel. The axial stress in the reinforcing bar is transmitted to the surrounding concrete surface through 
shear stress. 
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(a) 

(b) 

Fig. 6.1 (a) Beam test specimen detail for db=14 mm (b) load transfer mechanism [31] 

The experimental program consists of two testing groups (Fig. 6.2). The test samples in both groups 
were identical in terms of material properties and dimensions but differ in testing methodology. The 
first test group was exposed to the monotonic loading, while the second one was tested under reverse 
cyclic loading. Each group was then divided into two testing series. The first test series was 
constructed without transverse reinforcement. The bond behavior in plain concrete was, therefore, 
investigated. The second series contains test specimens with transverse reinforcement so that the effect 
of confinement provided by the shear reinforcement can be revealed.  

Fig. 6.2 Summary of test specimens 

Group

Group 1-Monotonic

Series 1-Unconfined

SM1-E1
SM1-E2
SM1-E3
SM1-E4
SM1-E5

Series 2-Confined

SM2-E1
SM2-E2
SM2-E3
SM2-E4
SM2-E5

Group 2-Cyclic

Series 1-Unconfined

SC1-E1
SC1-E2
SC1-E3
SC1-E4
SC1-E5

Series 2-Confined

SC2-E1
SC2-E2
SC2-E3
SC2-E4
SC2-E5
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6.1.1    Monotonic Test Setup 

The four-point bending test setup with a symmetrical configuration was designed. The specimens were 
tested under monotonic loading up to failure. The specimens were placed horizontally and then loaded 
vertically. The displacement was applied at mid-span by a hydraulic jack acting vertically through rigid 
steel plates. The hydraulic jack was placed to an adjustable steel frame that allows movement in both 
horizontal and vertical directions. The top-end of the actuator was fixed to the steel frame by a steel 
plate while a cardan joint was attached to the jack from the bottom-end (Fig. 6.3). 

Fig. 6.3 Detail of monotonic test setup 

6.1.2    Cyclic Test Setup 

The ordinary arrangement of the supports in the monotonic test setup is a pin and roller configuration 
on each side of the specimen. The loading is provided by two loading rollers placed at an equal distance 
around the middle of the beam. Then, the specimen sitting on the supports is imposed to load lowered 
from the above without clamping. This does not bring any indeterminacy in a bent beam since the axial 
deformations are not restricted. On the other hand, such a test setup configuration results in an 
instability under reverse cyclic loading since it is not supported during unloading. Thus, the test setup 
in monotonic cyclic loading is not capable of performing tests under reverse cyclic loading. Therefore, 
the monotonic four-point bending test setup must be modified for the cyclic tests. Soleymani et al. [32] 
adapted a suitable support-clamping mechanism, which allows one to load and support the specimen 
under reverse cyclic loading in a stable manner (Fig. 6.4). 
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Fig. 6.4 Detail of cyclic test setup 
6.2    Bond-Slip Relation for Monotonic Loading 

6.2.1 Proposed Bond Model for Unconfined Concrete 
Five identical specimens were tested under the same conditions and then the bond strength for each 
specimen was evaluated. The bond stress was computed as the ratio between axial force in the 
reinforcing bar and surface area. The analytical relationship (see equations below) was proposed by 
fitting a curve (i.e., the method of least squares) to the mean experimental data (Fig. 6.5). 

𝜏𝜏𝑢𝑢(𝑐𝑐) =

⎩
⎨

⎧  𝜏𝜏𝑢𝑢1 �
𝑐𝑐

𝑐𝑐𝑢𝑢1
�

𝛼𝛼
 𝑖𝑖𝑓𝑓 𝑐𝑐 < 𝑐𝑐𝑢𝑢1

0.015𝑐𝑐2 − 0.15𝑐𝑐 + 0.71  𝑖𝑖𝑓𝑓 𝑐𝑐𝑢𝑢1 ≤ 𝑐𝑐 ≤ 𝑐𝑐𝑢𝑢2
 𝜏𝜏𝑢𝑢2        𝑐𝑐𝑡𝑡ℎ𝑒𝑒𝑟𝑟𝑒𝑒𝑖𝑖𝑐𝑐𝑒𝑒

 Eq. 6.1 

where the variables in the formula defined as follows: 

𝜏𝜏𝑢𝑢1 = 0.63𝑓𝑓𝑐𝑐
1/4 Eq. 6.2 

 𝜏𝜏𝑢𝑢2 = 0.53 × 𝜏𝜏𝑢𝑢1 Eq. 6.3 

𝛼𝛼 = 0.15 Eq. 6.4 

 𝑐𝑐𝑢𝑢1 = � 𝑓𝑓𝑐𝑐

40
 𝑐𝑐𝑢𝑢2 = 5.0 Eq. 6.5 
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Here, τu1 and τu2 are the maximum and residual bond strength values. su1 and su2 are the slip values at 
the ultimate and residual bond strength, respectively. α is a shape factor. 

(a) (b) 

Fig. 6.5 (a) Proposed bond-slip model for unconfined concrete under monotonic loading (b) comparison 
with available models 

6.2.2 Proposed Bond Model for Confined Concrete 
The three-segment curve, which was evaluated by data analysis (i.e., curve fitting to an average 
of experimental data), was also proposed for the confined concrete (Fig. 6.6). 

𝜏𝜏𝑐𝑐(𝑐𝑐) =

⎩
⎨

⎧ 𝑐𝑐𝑐𝑐 × � 𝜏𝜏𝑐𝑐1 �
𝑐𝑐

𝑐𝑐𝑐𝑐1
�

𝛼𝛼
�     𝑖𝑖𝑓𝑓 𝑐𝑐 < 𝑐𝑐𝑐𝑐1

𝑐𝑐𝑐𝑐 × [0.01𝑐𝑐2 − 0.11𝑐𝑐 + 0.782]  𝑖𝑖𝑓𝑓 𝑐𝑐𝑐𝑐1 ≤ 𝑐𝑐 ≤ 𝑐𝑐𝑐𝑐2
𝑐𝑐𝑐𝑐 × 𝜏𝜏𝑐𝑐2        𝑐𝑐𝑡𝑡ℎ𝑒𝑒𝑟𝑟𝑒𝑒𝑖𝑖𝑐𝑐𝑒𝑒

 Eq. 6.6 

where the variables in the formula defined as follows: 

𝜏𝜏𝑐𝑐1 = 0.69𝑓𝑓𝑐𝑐
1/4 Eq. 6.7 

 𝜏𝜏𝑐𝑐2 = 0.70 × 𝜏𝜏𝑐𝑐1 Eq. 6.8 

𝛼𝛼 = 0.20 Eq. 6.9 

 𝑐𝑐𝑐𝑐1 = � 𝑓𝑓𝑐𝑐

12
 𝑐𝑐𝑐𝑐2 = 6.0 Eq. 6.10 

𝑐𝑐𝑐𝑐 = 0.855𝑒𝑒

𝑓𝑓𝑒𝑒

𝑓𝑓𝑐𝑐

2
3

�
 for  𝑓𝑓𝑒𝑒 ≥ 0.05 

Eq. 6.11 

Here, τc1 and τc2 are the maximum and residual bond strength values. sc1 and sc2 are the slip values at 
the ultimate and residual bond strength, respectively. α is defined as a shape factor. Unlike the bond 
model proposed for unconfined concrete, two more variables were included in the confined bond-slip 
relation; those were fe and βc, indicating confinement pressure provided by transverse reinforcement 
and confinement factor, respectively. In this study, the effective lateral confining pressure was 
computed according to Mander et al. [33].  
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(a) (b) 

Fig.6.6 (a) Proposed bond-slip model for confined concrete under monotonic loading (b) comparison with 
available models 

6.3 Bond-Slip Relation for Cyclic Loading 
6.3.1 Proposed Bond Model for Unconfined Concrete 
Similar to the methodology described in the previous section, the bond-slip relationship under cyclic 
loading was evaluated from experimental data. The bond stress was computed as the ratio between the 
axial force in the reinforcing bar and surface area (Fig. 6.7 and Fig. 6.8). 

Fig. 6.7 Hysteric bond stress-slip response of unconfined specimens 

The bond-slip relationship of the unconfined test specimens under cyclic loading was evaluated from 
the positive envelope curves, which is as follows: 

𝜏𝜏𝑢𝑢(𝑐𝑐) =

⎩
⎨

⎧  𝜏𝜏𝑢𝑢1 �
𝑐𝑐

𝑐𝑐𝑢𝑢1
�

𝛼𝛼
 𝑖𝑖𝑓𝑓 𝑐𝑐 < 𝑐𝑐𝑢𝑢1

0.027𝑐𝑐2 − 0.23𝑐𝑐 + 0.65  𝑖𝑖𝑓𝑓 𝑐𝑐𝑢𝑢1 ≤ 𝑐𝑐 ≤ 𝑐𝑐𝑢𝑢2
 𝜏𝜏𝑢𝑢2        𝑐𝑐𝑡𝑡ℎ𝑒𝑒𝑟𝑟𝑒𝑒𝑖𝑖𝑐𝑐𝑒𝑒

 Eq. 6.12 

where the variables in the formula defined as follows: 

𝜏𝜏𝑢𝑢1 = 0.56𝑓𝑓𝑐𝑐
1/4 Eq. 6.13 
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 𝜏𝜏𝑢𝑢2 = 0.43 × 𝜏𝜏𝑢𝑢𝑐𝑐1 Eq. 6.14 

𝛼𝛼 = 0.42 Eq. 6.15 

 𝑐𝑐𝑢𝑢1 = � 𝑓𝑓𝑐𝑐

80
 𝑐𝑐𝑢𝑢2 = 2.5 Eq. 6.16 

Here, τu1 and τu2 are the maximum and residual bond strength values. su1 and su2 are the slip 
values at the ultimate and residual bond strength, respectively. α is a shape factor. 

(a) (b) 

Fig. 6.8 (a) Proposed bond-slip model for unconfined concrete under cyclic loading (b) schematic 
representation 

6.3.2 Proposed Bond Model for Confined Concrete 
The confined specimens under cyclic loading displayed a poor bond performance. The bond strength 
degraded suddenly and then it remained constant (i.e., residual part). When the load was exerted in 
the reverse direction, the slip value did not change considerably. On the other hand, the bond 
stress changed its sign. The semi-circle phenomenon was established under the cyclic action (Fig. 
6.9). The proposed relationship was, yet again, obtained only for the positive loading direction. 
The hysteric bond-slip behavior was considered by the semi-circles’ phenomenon in the 
proposed bond-slip relationship, which can be implemented by Memory Bond Material in ATENA 
[1]. It is assumed that the first critical-inversion slip occurred at 3.0 mm (Fig. 6.10). This value 
corresponds to the start of the residual bond stress value. 
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Fig. 6.9 Hysteric bond stress-slip response of confined specimens 

The equation of a three-segment curve was provided in Eq. 6.17 

𝜏𝜏𝑐𝑐(𝑐𝑐) =

⎩
⎨

⎧ 𝑐𝑐𝑐𝑐 ×  𝜏𝜏𝑐𝑐1 �
𝑐𝑐

𝑐𝑐𝑐𝑐1
�

𝛼𝛼
    𝑖𝑖𝑓𝑓 𝑐𝑐 < 𝑐𝑐𝑐𝑐1

𝑐𝑐𝑐𝑐 × [0.046𝑐𝑐2 − 0.29𝑐𝑐 + 0.77]  𝑖𝑖𝑓𝑓 𝑐𝑐𝑐𝑐1 ≤ 𝑐𝑐 ≤ 𝑐𝑐𝑐𝑐2
 𝑐𝑐𝑐𝑐 × 𝜏𝜏𝑐𝑐2        𝑐𝑐𝑡𝑡ℎ𝑒𝑒𝑟𝑟𝑒𝑒𝑖𝑖𝑐𝑐𝑒𝑒

 Eq. 6.17 

where the variables in the formula defined as follows: 

𝜏𝜏𝑐𝑐1 = 0.60𝑓𝑓𝑐𝑐
1/4 Eq. 6.18 

 𝜏𝜏𝑐𝑐2 = 0.5 × 𝜏𝜏𝑐𝑐1 Eq. 4.19 

𝛼𝛼 = 0.22 Eq. 6.20 

 𝑐𝑐𝑐𝑐1 = � 𝑓𝑓𝑐𝑐

30
 𝑐𝑐𝑐𝑐2 = 3.0 Eq. 6.21 

𝑐𝑐𝑐𝑐 = 0.855𝑒𝑒

𝑓𝑓𝑒𝑒

𝑓𝑓𝑐𝑐

2
3

�
 𝑓𝑓𝑐𝑐𝑟𝑟  𝑓𝑓𝑒𝑒 ≥ 0.05 

Eq. 6.22 

Here, τc1 and τc2 are the maximum and residual bond strength values. sc1 and sc2 are the slip values at 
the ultimate and residual bond strength, respectively. α is a shape factor. fe and βc indicating 
confinement pressure provided by transverse reinforcement and confinement factor, respectively. 
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(a) (b) 

Fig. 6.10 (a) Proposed bond-slip model for confined concrete under cyclic loading (b) 
schematic representation 

6.4 Effect of Confinement on Bond-Slip Response 
The complete loss of adhesion between the plain round bar and surrounding concrete occurred before 
reaching the tensile strength of the concrete fct. The microcracks took place in the contact area, which 
significantly violates the cohesion. Due to lateral confinement provided by the transverse 
reinforcement, which enhanced the concrete mechanical properties, the microcrack initiation was 
delayed or somehow minimized, which contributes cohesion in between the reinforcing steel and 
surrounding concrete. Therefore, a higher ultimate bond strength was computed for the confined 
concrete (Fig. 6.11a and b). The lateral confinement provided by the transverse reinforcement also 
changed the post-peak response. The nonlinear descending part of the bond-slip model for the confined 
concrete diminishes less steeply than the unconfined concrete. The slip corresponding to the bond 
stresses at transition zones differed as well. The residual bond strength formed at higher values for the 
confined case. 

(a) (b) 

Fig. 6.11 Comparison of bond-slip models in confined and unconfined cases (a) monotonic 
loading (b) cyclic loading 

6.5 Effect of Loading Scheme 
The influence of the loading scheme on the response of the RC structures is essential as the 
deformation capacity of them differs under cyclic and monotonic loading. This partially violates the 
interaction between reinforcing steel and the surrounding concrete, which adversely affects the 
structural integrity. The monotonic and envelope of cyclic curves followed almost the same path in 
the initial loading stages while the gap widened remarkably at peak response. The significant bond 
degradation due to the nature of cyclic loading was more pronounced, especially in the post-peak 
region (Fig. 6.12a and b). The failure came out earlier under cyclic loading.  
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(a) (b) 

Fig. 6.12 Effect of loading scheme (a) unconfined concrete (b) confined concrete 

6.6 Randomized Behavior under Monotonic Loading 
The peak loads observed in the experiments were either at the edges of the bundle or within the upper 
and lower boundaries of the stochastic assessment (Fig. 6.13a and b). The post-peak response 
was accurately captured by the stochastic approach in the confined specimen, while the 
unconfined specimen SM1-E1 imparted a significant strength deterioration. It, therefore, fell out of 
the stochastic bundle. The remaining samples in the unconfined test series were simulated at an 
acceptable level. 

(a) (b) 

Fig. 6.13Randomized behavior under monotonic loading (a) unconfined case (b) confined case 

The PDFs corresponding to the ultimate loads, together with the mean and standard deviation, were 
determined from the stochastic bundle, which were then compared with the experimentally 
obtained capacities (Fig. 6.14a and b). The dispersion in the capacity distribution was accurately 
characterized by the stochastic model.  

(a) (b) 

Fig. 6.14 PDFs of ultimate load under monotonic loading (a) unconfined case (b) confined case 

6.7 Randomized Behavior under Cyclic Loading 
The ultimate capacity was satisfactorily captured by the FE solution; on the other hand, the 
displacement corresponding to the ultimate load was not accurately reproduced. The strength 
degradation was not characterized as well (Fig. 6.15a and b). The PDFs of the ultimate load were 
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obtained from the ultimate capacity of each FE solution. Therefore, a good match in the peak response 
yields an accurate estimation of basic statistical characteristics. 

(a) (b) 

Fig. 6.15 Randomized behavior under cyclic loading for (a) unconfined case (b) confined case 

The PDFs of the ultimate strength were obtained from the stochastic bundle. Experimental capacities 
were then compared with the stochastic assessment (Fig. 6.16a and b). Note that if n likely specimens 
were tested nth times under the same conditions, assuming that n is a relatively large number, similar 
statistical outcomes of the tests (mean, standard deviation, and PDFs) would be expected. Therefore, 
it is expected that the experimental results would be within the range of the PDF if the scatter was 
accurately reproduced by the stochastic assessment. On the other hand, some of the test results were 
not covered by the PDFs. 

Positive Loading Direction Negative Loading Direction 
(a) 

Positive Loading Direction Negative Loading Direction 
(b) 

Fig. 6.16 PDFs of ultimate load under cyclic loading (a) unconfined case (b) confined case 

6.8 Sensitivity Analysis 
The highest correlation coefficient was computed for the concrete tensile strength fct in both monotonic 
and cyclic loading cases (Fig. 6.17a and b). The compressive strength of the concrete fc contributes to 
the overall response with a medium impact. The remaining material parameters had little or no 
influence on the global response as the partial correlation coefficient was nearly zero.
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Unconfined Concrete Confined Concrete 
(a) 

Unconfined Concrete Confined Concrete 
(b) 

Fig. 6.17 Sensitivity analysis (a) monotonic loading (b) cyclic loading 

7 CONCLUSION 
This study mainly deals with the assessment of different failure modes in substandard RC 
members by stochastic approaches. The nonlinear FEM was combined with a suitable 
stochastic sampling technique for the realistic prediction of the structural response of 
substandard RC members. The effect of inherent uncertainties on the material mechanical 
properties was studied using an uncertainty analysis, which also leads to obtaining the basic 
statistics of response variables. The sensitivity of material properties on the global response 
was also measured by evaluating the partial correlation coefficient between material 
parameters (i.e., input variable) and the strength of the member (i.e., response variable). 
Moreover, the uneven distribution of concrete mechanical properties over the specimen was 
accurately characterized by random fields theory, which establishes weaker and stronger spots 
over the specimen.  
This research context was organized into seven main chapters. The first three chapters dealt 
with the motivation for the research, numerical modeling strategy, and stochastic-based 
analysis methods. The following three chapters introduced the implementation of the advanced 
assessment strategy on different substandard RC members. Each chapter was identical in terms 
of the method employed for stochastic assessment, while the test programs and resulting 
failure modes were different. Note that a section which summarizes the relevant chapter was 
included at the end of each chapter. The first testing program dealt with the performance of  

over-reinforced and shear critical beams. The experimental behavior was accurately reproduced 
in the FE environment. The effect of inherent uncertainties at a material level for over-
reinforced and shear critical beam and uneven distribution of concrete mechanical properties 
over the shear critical beam were handled by a stochastic approach. This led to a more accurate 
assessment of the results. The shear critical and CFRP retrofitted beam-column joints were 
analyzed in the following chapter. The experimental performances were closely estimated by 
the numerical solutions. The relative impact of each material properties on the global response 
was also provided, which remarked the most critical material parameters. The last testing 
program focused on the stochastic-based numerical prediction of beam-type RILEM bond 
specimens. Thus, the proposed bond stress-slip relationship was implemented in the FE 
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software and then evaluated to the stochastic level. The variability in the identical tests was 
characterized accurately by the stochastic assessment. The experimental results were covered 
by the stochastic bundle.  
To conclude, owing to the more realistic assessment capability of the stochastic-based 
nonlinear FE analysis, which is now available in user-friendly computer tools, reproducing the 
structural response of substandard members by computational stochastic mechanics could 
yield more accurate results for assessment purposes. Overall, this study showed the efficiency 
of the advanced modeling strategy in different substandard RC members. 
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ABSTRACT 

In this dissertation, energy absorption capabilities of steel-based truncated conical shells with 
low base angle and end caps are investigated under axial dynamic loading. The numerical mod- 
els of absorber were placed between two rigid plates to simulate a crush box around the 
absorber. 

In order to investigate the effect of the design parameters on the energy absorption of the conical 
shells, three different base conical angle (20◦, 25◦ and 30◦), four different impact velocity (5m/s, 
10m/s, 20m/s, 30m/s), four different absorber thick- ness (4mm, 6mm, 8mm, 10mm) and 
several impact mass val- ues were analyzed. Numerical analyses were performed by FEM 
software Abaqus. 

The simulation results were compared by means of several per- formance parameters such as 
peak reaction force Fp, mean re- action force Fm, absorbed energy EA specific energy 
absorption (SEA), crash force efficiency (CFE) and dynamic amplification factor (DAF). In 
this dissertation, also some guidelines on the design of a truncated conical shell with low base 
conical angle as an energy absorber are presented. 

Keywords 

crashworthiness, truncated cone, finite element method, energy absorption 
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1 INTRODUCTION 

1.1 Statement of the Research Problem 

With the development of the transport technology, there is a substantial increase in number of 
vehicles and passengers. This increase led to a demand for developing more powerful and faster 
vehicles. On the other hand, same demand also led to an increase in undesirable situations such 
as fatal accidents and injuries. The prevention of collisions may not always be possi- ble despite 
all collision avoidance systems. So it is of utmost importance to control the possible 
deformation of the vehicle as a result of the collision. Controlling the deformation basi- cally, 
means to transfer the impact forces to the appropriate sections selected by the designer. The 
aim here is to ensure that the collision energy is absorbed by the energy absorbers and to 
minimize or prevent the possible damage to the struc- tural elements of the vehicle. Thus, the 
undesired damage to the important sections of the vehicle enclosing occupants can be 
minimized. Picture 1.1 shows various examples of energy absorbers used in different types of 
vehicles. 

Figure 1.1 Energy absorbers used in various structures. [3] 

Another important step of the safety research is to test the developed energy absorbing structure. 
However, using nu- merous real vehicles to conduct full-scale crash tests can be quite 
expensive. A virtual testing method using computer sim- ulations become prominent. The finite 
element method (FEM) is extensively used in crash simulations. The FEM has the abil- ity to 
solve complex, highly nonlinear problems in many areas with the development of high-
performance computers. There- fore, a number of real vehicle tests that need to be performed 
can be limited and thereby save costs and time. 

1.2 Aim of the Doctoral Dissertation 

Current doctoral dissertation study is built upon the cur- rent knowledge about the structures 
used to dissipate impact energy in case of a collision. Current structures being used as impact 
energy absorbers use mostly the cylindrical tube and rectangular tube geometries more than 
conical. Thus, most of the studies in the literature are about these type of geometries. On the 
other hand, there are also too many studies on conically shaped energy absorbers in the literature 
but most of them have relatively steep conical geometries close to cylindrical tubes. 

In this manner, the main aim of this study is to deter- mine the energy absorbing capacity of 
capped-end truncated cones with relatively low base cone angles and edge ring. Un- like most 
of the studies, more shallow structures needed to be examined in detail for using as impact 
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energy absorbers.  In this manner it is aimed to investigate conical structures with relatively 
higher thickness over the thin-walled structures en- countered commonly in the literature. 

1.3 Layout of Thesis 

The thesis consists of 7 chapters. A brief description of each chapter is presented below. 

Chapter 1: Introduces the background of the idea in- cluding the statement of the research 
problem. Also, introduces the aims of the current study and explanation of the structure of the 
thesis. 

 Chapter 2: Involves a detailed information about the crash energy management and energy 
absorbers. Describes the design requirements and performance parameters which must be 
considered when designing an energy absorbing structure. 

Chapter 3: Includes a summarized literature review about energy absorber structures closely 
related to the field of this study. Also, a general comparison of the current study with the 
previous studies in the scopes of the study section takes place. 

Chapter 4: Describes the numerical method used in the present study with basic procedures. 
Numerical difficulties of nonlinearity and time integration methods are presented in de- tail. 
Also, includes the terminology of the current FEM soft- ware which terms are used in the further 
chapters of the study. 

Chapter 5: Provides a detailed description of numerical simulation techniques performed in this 
study. This chapter also describes the geometrical parameters, material properties and finite 
element modeling parameters such as loading condi- tions, boundary conditions and mesh 
structure of the numerical models. 

Chapter 6: Evaluates a detailed investigation of the re- sults obtained from both quasi-static and 
dynamic simulations in consideration of different performance parameters such as force-
displacement curves, absorbed energy, specific energy ab- sorption, and crash force efficiency. 
The effects of varying load- ing conditions and model geometry are investigated and pre- 
sented. Also some basic comparisons of the simulation results to the current literature for the 
effect of the variables on the performance parameters are given. 

Chapter 7: Presents a summary of major conclusions and contributions to the current study. 
Also includes some design guidelines and a brief description of the further works planned to 
improve the results of the present study. 

2 LITERATURE REVIEW 

2.1 Literature About the Current Problem 

Commonly used geometrical shapes of energy absorbers in most studies are cylindrical tube 
[18, 19], square tube [20, 21] and truncated conical tube [22] also known as a frustum. In the 
current literature, there are various terms used for identifying the conical structures which are 
conical shells, cones, conical tube, frustum and frusta. Although most of the studies are focused 
on cylindrical and rectangular tubes, crashworthiness of conical structures has been studied by 
many authors. 

Langseth and Hopperstad [23], Mamalis et al. [24], Tai et al. [25], Gupta et al. [28] Alghamdi 
et al. [30], Azimi and Asgari [34] and more authors have investigated various different 
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geometries under axial and oblique loading to obtain the energy absorption characteristics of 
the structures. 

2.2 Scope of the Study 

With respect to the aims of the dissertation study as men- tioned before, the main scope of the 
present study is to deter- mine the usability of the conical geometries of low base cone angles 
as an energy absorbing structure. In this manner, mod- els with various geometric parameters 
such as the base conical angle and the absorber thickness have been modeled. 

A geometry of conical absorbers reversed and connected together was chosen to make the total 
length of the absorber more adjustable to compare with other absorbers used in the current 
literature. Based on the aforementioned scope, detailed goals of the study are summarized 
below. 

• To evaluate series of various numerical models for conical structures with different base angle
and thickness values in order to simulate the axial impact under various load- ing velocity and 
mass values by using the Abaqus/Explicit FEM software. 

• To perform analysis on the structures modeled as energy absorbers with variable impact
velocities, impact masses and geometrical parameters such as the absorber thick- ness and base 
conical angle. 

• To process the data from the numerical results with re- spect to different result parameters to
investigate the ef- fectiveness of structures under impact loading to be used as energy absorbers. 

• To generate an opinion on the usability of the structure as an energy absorber by taking into
consideration of both commonly used structures. 

3 BACKGROUND 

3.1 Crash Energy Management 

Crashworthiness can be defined as the capability of a ve- hicle to withstand a crash and protect 
its passengers from the effects of an accident. Main crashworthiness goals are to absorb the 
kinetic energy of a collision with an acceptable deceleration pulse and maintain a survival space 
to protect passengers.Crash Energy Management (CEM) is the sum of the techniques to im- 
prove the overall crashworthiness of a vehicle. Possible damages of an accident should be 
predicted and should be kept under control. With crash energy management systems, damage 
of a collision is transferred to the parts that designed to absorb the crash energy and protect the 
main structural elements of the vehicle. 

3.2 Energy Absorbers 

Energy absorbers absorb energy both in a reversible and irreversible way such as elastic strain 
energy and plastic defor- mation energy. Collapsible energy absorbers aim to convert the 
majority of the kinetic energy of impact into plastic deforma- tion in an irreversible manner.[8] 

 General Design Requirements 

In the design phase of an energy absorber, one must consider the specific requirements of the 
area that absorber is planned to use. In all cases, the main purpose is to scatter crash energy in 
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a foreordained way. In this manner, some essential requirements are listed and described 
below.[12] 

1. Irreversible Energy Conversion

2. Restricted and Constant Reaction Force

3. Long Stroke

4. Stable and Repeatable Deformation Mode

5. Lightweight and High Specific Energy Absorption

6. Low Cost and Easy Installation

Performance  Parameters 

Even if the most important parameter of an energy ab- sorber is the amount of dissipated energy, 
it is not sufficient to estimate the performance of the absorber by considering only the amount 
of the energy absorbed during the impact. For a reasonable performance estimation, it is needed 
to define and investigate following parameters: 

1. Force-Displacement Curves

2. Energy Absorption

3. Crash Force Efficiency (CFE)

4. Specific Energy Absorption (SEA)

5. Absorbed Energy According to Displacement

6. Stroke Efficiency

7. Dynamic Amplification Factor

 4 NUMERICAL MODEL AND SIMULATIONS

The numerical models for the simulations were created using the CAE module of the FEM 
software Abaqus. [36] 
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4.1 Model Geometry 

Figure 4.1 Geometry and dimension parameters of the ab- sorber structure. 

A basic sketch of the absorber structure is given in Figure 4.1 with dimension parameters. 
Dimension parameters used to model the structures are, inner diameter r1, outer diameter r2, 
edge ring width b, edge ring height d, thickness t, cone angle β and deformation length h. The 
edge ring width b is kept con- stant in all simulations, hence the effect of this parameter on the 
energy absorbing capability of the structure is not investi- gated in the current study. Values 
used for all parameters are given in Table 4.1. 

Structures were modeled by creating each plate and the absorber as quarter models of real 
dimensions of structures. The model assembly includes three equally designed rigid plates and 
a conical absorber. The conical absorber was positioned between two rigid plates (top and 
bottom plate) to simulate a crush box and also to control the deformation of the struc- ture. 
Rigid plates were constrained to the absorber using the constraint definitions explained in 
further sections. 

Table 4.1 Dimension values of the absorber structures. 

The third plate (striker plate) is used to simulate the striking mass crushing to the conical 
absorber. A gap of 1mm between the top plate and the striking plate was modeled to examine 
the effect of the first contact more conveniently. The general assembly of all parts used in the 
numerical models are shown in Figure 4.2 
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Figure 4.2: Assembly of the absorber and the rigid plates. 

4.2 Material Properties 

The material used for the simulations were considered to be structural mild steel denominated 
as S235JR. In numerical analysis, an elastoplastic hardening module was implemented to the 
material behavior. Mechanical properties of material S235JR are used as; Young’s Modulus of 
200GPa, Poisson’s Ratio of 0.29 Mass Density of 7980kg/m3, Yield Strength of 296.4MPa and 
Ultimate Tensile Strength of 381MPa. 

Material properties are of great importance at crashwor- thiness and impact studies. The plastic 
flow of some materials is sensitive to loading speed, which is known as material strain- rate 
sensitivity, or viscoplasticity. The strain rate sensitivity phenomenon can influence the dynamic 
response of the energy absorbing structures. Previous studies have indicated that S235 steel 
displays a significant positive strain rate effect on the yield stress of the material. [44, 45] 
Verleysen et. al. [44] have inves- tigated the influence of the strain rate on the forming 
properties of three commercial steel grades including S235JR. 

The static tensile test results of the present study and the results from the aforementioned article 
by Verleysen et. al. [44] are compared and they are found to be essentially identical for the 
S235JR steel. Due to the technical impossibilities and the lack of equipment for SHTB 
experiments, the Johnson-Cook model in the study of Verleysen et. al. [44] for S235JR steel 
with strain rate properties are adapted to the numerical models of the present study. 
Consequently, the Johnson-Cook plasticity model parameters including strain rate used in this 
study are given in Table 4.2. 

Table 4.2 Johnson-Cook plasticity parameters of S235JR. [44] 

4.3 Loading and Boundary Conditions 

In quasi-static numerical simulations, the load is applied very slowly that the deformation of 
the structure is not affected by the strain rate and inertia forces which are very small and 
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negligible. Loading was applied to the rigid striking plate as a predefined velocity over the 
longitudinal axis of the model assembly. Quasi-static velocity is selected to be 0.01m/s. 

In dynamic simulations, it is planned to apply the load as kinetic energy. The kinetic energy 
was generated by defining a velocity and a mass to the striking plate. Used mass quanti- ties 
are calculated to obtain 100kJ of initial kinetic energy for each model. Moreover, mass values 
of 1000kg and 2000kg were defined for each impact speed to investigate the effect of the impact 
mass. Four different impact velocities (5m/s, 10m/s, 20m/s and 30m/s) were selected and 
simulated for each impact mass, base conical angle and absorber thickness combination. 

Interactions between parts were defined using self-contact and surface to surface contact 
algorithms. Self-contact was used to define self-contact of absorber structure with penalty 
contact definition with a friction coefficient of 0.3 as tangential contact behavior and hard 
contact as normal contact behavior. To sim- ulate a crush box, the conical energy absorber was 
coupled to two rigid plates from the top and bottom surfaces. A kinematic coupling definition 
was used. 

Any movement of the bottom plate was restrained using an encastre boundary condition 
definition. The top plate and striker plate were allowed for translations on the y-axis direction 
and any other movement of the plates were restrained. Struc- tures were designed as quarter 
models to reduce the time cost of the simulations. For this purpose, symmetry boundary con- 
ditions were used for both edges of the absorber. X-symmetry definition for the edge on y-z 
plate and z-symmetry definition for the edge on x-y plate were made. 

5 RESULTS AND DISCUSSION 

5.1 Quasi-Static Response of the Conical Absorber 

For the quasi-static loading case, the reference model is chosen with respect to the design 
parameters and response plots. The thickness (t) and the base cone angle (β) for he reference 
case are selected to be 10mm and 30◦ respectively. The impact velocity for all quasi-static 
simulations is selected to be 0.01m/s which represents a deformation of 10mm per second. 

Figure 5.1 Force-Displacement plot of the quasi-static model. 

In Figure 5.1, the force-displacement response of the ref- erence case is presented. After 1mm 
of displacement, the first contact between the striking plate and the absorber occurs. A stable 
deformation of the structure was observed after the first peak load throughout the simulation. 
At the displacement value of approximately 90mm, the second contact occurs. Each con- tact 
between the surfaces in the model assembly causes a peak load in the reaction force response. 
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Figure 5.2 shows the absorbed energy and the reaction force response of the quasi-static 
reference model as a function of displacement. Also the deformed shapes of the model are given 
in Figure 5.2 for selected points to better understand the behavior of the structure under quasi-
static axial loading. 

Figure 5.2 Deformation mode for the reference quasi-static case at selected points. 

The selected instants for the simulation of the quasi-static reference model are; a) the contact 
between the conical surface of the absorber and the rigid wall which causes the second peak on 
the force-displacement response, b) the last contact during the simulation between the conical 
surface of the absorber and the striking rigid plate. These two instants are selected because at 
both instants, a sudden change occur on the reaction force response of the structure under quasi-
static loading. 

5.2 Dynamic Response of the Conical Absorber 

The model with a constant impact kinetic energy of 100kJ is chosen for the reference dynamic 
case with respect to the variations of the design parameters and plots of reaction force and 
absorbed nergy. The thickness (t) and the base cone angle (β) are chosen as 10mm and 30◦ 
respectively.  

Smoothed force response for the reference case is plotted in Figure 5.3. At 1mm of 
displacement, the first contact be- tween the striking mass and the absorber structure occurs. As 
the impact occurs instantaneously, the velocity of the contact surface of the absorber increases 
immediately. After the first reaction force occurs, the structure exhibits a stable deforma- tion 
behavior. The reaction force shows a decreasing trend until the next contact between striking 
plate and the surface of the absorber takes place. This behavior repeats on each contact between 
surfaces of the absorber and striking plate. 
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Figure 5.3 Force-Displacement plot of the reference dynamic model. 

The dynamic response of the structure by means of the reaction force and the absorbed energy is plotted 
in Figure 5.4 together. Also pictures of the deformation mode for selected points are shown together to 
better understand the behavior of the structure. 

The selected instants for the reference model are a) the initial contact, and first cone starts bending, b) 
contact of coni- cal surface to striking plate occurs and second cone starts bend- ing, c) first cone 
becomes completely flat and contact of the inner surfaces of the cones are achieved. 

Figure 5.4 Deformation mode for the reference dynamic case at selected points. 

5.3 Comparison between Quasi-Static and Dynamic Response 

One of the most important performance parameter of an energy absorber is the reaction force. 
Reaction force response of an energy absorber may change under different conditions such as 
loading, boundary conditions and material properties. Fig- ure 5.5 shows the comparison of 
mean dynamic force response of the model with parameters t = 10mm and β = 30◦. 
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Figure 5.5 Comparison of mean Force-Displacement response of the quasi-static and dynamic models 
β = 30◦ and t = 10mm. 

It is observed that there is a significant difference between the quasi-static and dynamic cases 
in terms of mean reaction force response. This is caused by the strain-rate dependent material 
model used in this study which changes the structures response under different initial impact 
velocity conditions. 

Figure 5.6 Comparison of energy absorption of the model 

β = 30◦ and t = 10mm. 

As the energy absorbing capacity of the structures are strictly related to the reaction force 
response, the absorbed energy curves conform with the force-displacement plots. The absorbed 
energy response of the numerical model with β = 30◦and t = 10mm is given in Figure 5.6 as a 
function of displace- ment. The energy absorption capacity of the structures increase with 
increasing impact velocity. For the impact velocity values of 20m/s and 30m/s, both reaction 
force and the absorbed en- ergy plots have a slightly different behavior. 

5.4 Combined Effects on Performance Parameters 

In this section, the performance parameters of an energy absorber are investigated individually 
for all variable parame- ters. The effect of three different variables (velocity, thickness, base 
conical angle) are compared for each simulation result out- put, except for the impact mass 
variable. 
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Figure 5.7 Effect of Impact mass, absorber thickness and impact velocity on the amount of absorbed 

energy. 

Figure 5.7 shows the effect of the impact mass, absorber thickness and impact velocity on the 
absorbed energy. As seen in Figure 5.7, impact mass does not have significant effect on 
absorbed energy. However, the maximum deformation length is associated with the initial 
kinetic energy of the system and increases with increasing impact mass. It can be said that the 
dynamic or non-linear stiffness of the absorber structure is not dependent on the mass of the 
impactor in the selected mass range. The same result were also observed in the previous stud- 
ies in the current literature. For this reason, the impact mass parameter is not included to any of 
the following 3-D plots. 

 
Figure 5.8 Effect of base conical angle, absorber thickness and impact velocity on absorbed energy. 

Figure 5.8 shows that the amount of absorbed energy in- creases in all models as the base cone 
angle β ,absorber thick- ness and impact velocity increases. With increasing β angle, structures 
exhibit more stiff behavior to the axial loading and also gain more deformation length with 
constant bottom radius and increasing β angle. 

This situation allows the structures with higher β angles to dissipate more kinetic energy at the 
same impact velocity and absorber thickness. Absorbed energy values also increase with the 
increasing absorber thickness. The impact velocity has also a non-negligible effect on the 
energy absorption of the structures due to the inertia effects with increasing impact velocity. 
When compared together, impact velocity has a less significant effect on the energy absorption 
capacities of structures. 
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Figure 5.9 Effect of base conical angle, absorber thickness and impact velocity on mean reaction 

force. 

The effect of the impact velocity and the base conical angle on the mean reaction forces are 
more clearly seen at the higher absorber thickness values. Mean reaction forces have similar 
behavior with peak reaction forces at different impact velocity, absorber thickness and base 
conical angle values. The effect of the base conical angle β on the peak reaction forces are more 
identical at different absorber thicknesses when compared to the mean reaction force. Effects 
of the variable parameters on mean reaction force values are shown in Figure 5.9. 

Crash force efficiency (CFE) values of the structures ex- hibit a significantly decreasing 
behavior as the impact velocity increases. The complete dataset of the CFE values are plot- ted 
in Figure 5.10. As the peak reaction force response of the structures increase significantly as 
the impact velocity increses, the CFE values for higher impact velocities are very low when 
compared to the quasi-static loading case. Also the the conical angle becomes more effective 
on the CFE values at relatively lower impact velocity values. 

 It is found that the absorber thickness has a similar ef- fect on both mean and peak reaction 
force values. Thus, the CFE values does not change significantly within the range of the 
absorber thickness values of the present study. Overall, the obtained CFE values of the present 
study are seem to be compatible with the current literature. 

 
Figure 5.10 Effect of base conical angle, absorber thickness and impact velocity on CFE. 

The stroke efficiency is another performance parameter of energy absorbers. It is desired to be 
as high as possible in order to have a higher maximum deformable length and so the absorbed 
energy. Calculated values for all models are given in Figure 5.11 by means of base conical 
angle, impact velocity and the absorber thickness. 
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Stroke efficiency is directly related to the conical angle β. Besides, the deformation mode has 
an indirect effect due to the changes in bending shapes of the models. The maximum defor- 
mation lengths are seem to be equal for all absorber thickness values due to the selected 
geometry. 

 
Figure 5.11 Effect of base conical angle, absorber thickness and impact velocity on stroke efficiency. 

Under quasi-static loading conditions, stroke efficiency values are obtained to be slightly 
higher than the dynamic load- ing case, which is caused by the stable deformation of the 
struc- tures. 

 
  

Figure 5.12 Effect of base conical angle, absorber thickness and impact velocity on specific energy 
absorption SEA. 

  

 
Specific energy absorption (SEA) values changes signifi- cantly under dynamic loading 
conditions when compared to the quasi-static case. This is caused by the strain-rate dependency 
of the material model. The SEA have also a slightly increasing behavior for increasing impact 
velocity under dynamic loading conditions. The SEA is not seem to be significantly affected 
from the increasing absorber thickness values. This is caused by the increasing effect of the 
absorber thickness on both the absorbed energy values and the mass of the structure. 

On the other hand, the specific energy absorption values are significantly affected from the base 
conical angle as seen in Figure 5.12. Although the base conical angle increases the mass of the 
body, the increase in energy absorption capacity is relatively higher. 
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Figure 5.13 Effect of base conical angle, absorber thickness and impact velocity on absorbed energy 

per unit deformation. 

As seen in Figure 5.13, the absorbed energy per unit de- formation is affected from both three 
parameters. The most effective parameter is the absorber thickness because of the in- crease in 
the absorbed energy as the thickness increase. 

The less effective parameter is the impact velocity be-cause it has the less effect on the energy 
absorption charac- teristics at a chosen β angle of structure when compared to others under 
dynamic loading conditions. The effect of the base conical angle is slightly changed by the 
absorber thickness and impact velocity values. The comparison surfaces of Figure 5.13 are 
almost parallel although the conical angle changes the maximum deformable length of the 
structures significantly. 

The dynamic amplification factor (DAF) is another useful parameter for comparing the dynamic 
effects on the absorbed energy of the structures. The calculated DAF values are plotted in Figure 
5.14 for the models of selected parameters. 
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Figure 5.14 Effect of the absorber thickness and the impact velocity on the DAF values. 

DAF values slightly increase as the impact velocity in- creases due to the inertia effects. Also 
the the conical angle becomes more effective on the DAF values with decreasing ab- sorber 
thickness. The effect of the absorber thickness on the DAF values are more stable at models 
with higher base conical angle. Due to the lower angle and thickness, the models are more prone 
to bending. The geometric stiffness of the models are relatively low and the effect of the inertia 
forces are observed to be higher. 
6 CONCLUSION 

6.1 Summary and Conclusions 

A numerical investigation of the conical energy absorbing structure was examined in this study. 
In the view of obtained information from the current study, some of the significant con- clusions 
and some guidelines on the design of a low base conical angle structure are summarized below. 

1. The dynamic force-displacement response of the conical structure is affected by the absorber 
thickness, base coni- cal angle and the impact velocity. However, it is observed that the impact 
mass of the striker has no effect on the dynamic force response of the structures. The effect of 
the angle on the force responses become higher as the thickness increases. 

2. The energy absorption response of a low angle conical structure under axial dynamic loading 
is influenced by the absorber thickness, conical angle and impact velocity. However, the conical 
angle and the absorber thickness are the most effective on the energy absorption of the selected 
geometry. In other words, structures with higher thickness and angle absorb more energy within 
a selected crush distance. 
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3. The CFE values have a decreasing trend as the impact ve- locity increases due to the 
increasing initial peak reaction force. On the other hand, CFE values do not seem to be affected 
from the absorber thickness. However, base con- ical angle has an increasing effect on CFE 
values which is caused by the increasing mean reaction forces due to the bending resistance of 
the structures with higher β values. 

4. The specific energy absorption values are strictly affected from the base conical angle β. 
Increasing conical angle causes the system to be more resistant to any bending action. However, 
the absorber thickness does not affect the SEA values significantly. 

5. In order to increase the absorbed energy within a given deformation length; 

(a) the conical angle can be increased for the same ab- sorber thickness values and/or impact 
velocity, 

(b) absorber thickness can be increased for the same base conical angle and/or impact velocity, 

(c) changing the impact mass has no significant effect. 

(d) increasing the initial impact velocity also increase the amount of absorbed energy which is 
caused by the inertia effects and the strain-rate dependency of the material model. However, 
the effect of the im- pact velocity is quite low when compared to the ef- fect of the thickness 
and the conical angle. 

6.2 Contributions of the Thesis 

The primary aim of this thesis is to gain a better under- standing on the impact and energy 
absorption behavior of trun- cated conical structures with relatively higher thickness values and 
to investigate their application as an energy absorber. 

With respect to the objectives outlined in Chapters 1 and 3, this study has investigated the 
impact response and energy absorption capabilities of truncated shallow cones under axial 
impact loading. Studies until current stage has provided a good opportunity to investigate and 
compare dynamic response of truncated cones by means of some important performance pa- 
rameters. 

The energy absorbing capabilities of the current geome- try, seems to be promising due to it’s 
relatively high thickness and high energy absorption. However, high thickness leads to a more 
heavy structure which is not preferable as an energy absorber. Also the conical angle has a great 
influence on the energy absorbing performance of the structure. Structures with higher angle 
and lower thickness absorbs slightly more energy than the structures with lower angle and 
higher thickness. How- ever, current stage of the study is still not sufficient to determine the 
usability of undertaken geometry as an impact absorber. In consideration of parameters 
compared above and future work explained below, further studies will be more appropriate to 
resolve the situation of current geometry to be a possible alter- native to the current energy 
absorber geometry. 

6.3 Recommendations for Future Work 

In order to obtain sufficient investigation of the geometry undertaken in the current study, 
amount of the stroke length of an energy absorber is a significant design requirement. It is 
necessary to have a longer stroke of energy absorbers both to improve the energy dissipation 
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performance of the structure and to gain a comparable length of geometry with the energy 
absorbers studied in the literature and used in the industry. In this manner, instead of changing 
the base cone angle of the structure, it should be investigated to use more than one struc- ture 
coupled together to obtain sufficient deformation stroke. 
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INTRODUCTION 

High thermal stresses (fires) do not cause only huge material losses, but mean a risk of health 
danger or death of persons or animals. Even though it is not possible to prevent all fires, there 
is an effort to eliminate their number and, last but not least, extent of their damage (application 
of active or passive protection). 

It can be noted that concrete structures exposed to the effects of fire “can be assessed” 
in the same way as when designed according to the (ČSN EN 1992-1-1 ed. 2, 2011). Changes 
of strength and deformation characteristics are included in the calculation in the form of 
reduction factors, see (ČSN EN 1992-1-2, 2006). Mathematical model of concrete stress-strain 
curve in compression at higher temperatures is described by a temperature function of plain 
concrete in relation with the type of used aggregate (siliceous or limestone). However, it is not 
valid for light aggregate concrete description. In the author’s point of view, this methodology 
(stipulation of reduction factors for residual properties determination), applied at fire design of 
concrete structures for simple and particularized methods (ČSN EN 1992-1-2, 2006), does not 
depict the behaviour of other special types of concrete to a sufficient extent. 

1 ANALYSIS OF CURRENT STATE IN THE FIELD OF THE DOCTORAL 
THESIS 

1.1 Structural Fire Design 

Fire is an undesirable, unrestrained and uncontrollable burning. It is a process accompanied by 
chemical and physical effects (ČSN ISO 8421-1, 1996). 

Actual progress of burning can be divided into three phases (Procházka et al., 2010) – 
characteristic periods – start of burning, fully developed fire and burning out. 

1.2 Fire Resistance 

Fire resistance is often one of the decisive factors at structural assessment. Fire resistance of 
a sample is given by the time (in minutes), during which corresponding criteria are fulfilled 
(ČSN EN 1363-1, 2013). 

1.3 Consequence of High Temperature Influence on Concrete 

Physicochemical properties of concrete change at extreme thermal stress. There is 
a significant inner tension caused by different thermal expansion of particular constituents 
of a concrete element or structure.  

Following negative aspects happen: 

• increase of permeability and porosity, more at (Bangi et al., 2011, Chan et al., 1999), 
(influence of compactness breach causes formation of cracks and ruptures, or crumbling), 

• explosive spalling of concrete (lasts until the concrete falls apart or the fire calms down), 

• concrete falling off (happens primarily in the advanced phase of fire), 

• reduction of structural strength and the modulus of elasticity (Khoury, 1992). 
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Decrease of concrete strength depends primarily on warming rate, maximum achieved 
temperature, and concrete humidity and, from the material base, primarily on the type of 
used aggregate. 

1.4 Explosive Spalling of Concrete 

Temperature increase influences concrete spalling because of rapid water steam formation and 
thermal expansion of aggregate. The most important driving mechanisms directly relate 
to humidity, microstructure and transport effects of cement material. The most effective 
measure against spalling is reduction of inner tension (e.g. by use of polypropylene fibres). 

Polypropylene fibres melt down at the temperature of 150–160 °C (Guidance on the Use of 
Macro-Synthetic-Fibre-Reinforced Concrete, 2007), which enables the water steam to escape 
without creation of inner pressure. This effect prevents or terminates the explosive spalling. 

Procházka et al. (2009) points to a possible transport of water steam in space between fibres 
and circumjacent concrete surface (because of their bad cohesion) even before the 
beginning of melting of fibres. 

1.5 Concrete Transformation at Higher Temperatures 

In the Tab. 1, principal changes of concrete under the influence of high temperature are 
summarized. 

Table 1 Strength and mineralogical changes of concrete by warming 

Temperature 
[°C] 

Changes caused by warming 

Mineralogical changes Strength 
changes 

70–80 Dissociation of ettringite causes its decrease in cement matrix.   

105 
Loss of physically bound water in concrete causes increasing 
capillary porosity and formation of smaller microcracks. 
The type of concrete influences the water evaporation rate. 

Reduction of 
strength < 10 % 

120–163 Dissociation CaSO4.2H2O   

250–350 
The aggregate begins to change colour into pink / red by iron 
compound oxidation (around 300 °C). Decrease of bound water in 
cement putty causes degradation that is more significant. 

Significant 
reduction of 
strength around 
300 °C (15–
40 %). 

450–500 

Ca(OH)2 dehydrates. Aggregate coloration into red increases up to 
the temperature of 600 °C. Siliceous aggregate can change colour 
into grey or white. Normally isotropic cement putty shows non-
homogenously yellow / beige colour in transverse polarized light. 
Often, it shows even a birefringence at the temperature of 500 °C. 

Reduction of 
strength around 
400 °C 
(> 40 %).  
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Temperature 
[°C] 

Changes caused by warming 

Mineralogical changes Strength 
changes 

573 
There is a transformation from α into β-silica. Volume of silica 
is growing about ca 5 %, which causes formation of radial 
cracks and cracking of aggregate grains. 

Concrete 
ceases to be 
structurally 
usable at the 
temperatures 
over 550 °C  
(55–70 %). 

600–800 

Decarbonation of carbonates. Based on contents of carbonates 
in concrete, contraction happens because of release of carbon 
dioxide, which results in formation of a significant amount of 
microcracks in cement putty. There is a substantial 
manifestation at limestone aggregate. 

  

800–1 200 

Concrete structure sinters at the temperatures over 800 °C.  
Complete dissociation of limestone constituents of aggregate and 
cement matrix because of their dissociation. Concrete changes colour 
into albescent grey and an extensive net of microcracks is being 
formed.  
Limestone aggregate changes colour into white. 

Reduction of 
strength at the 
temperatures 
over 800 °C  
(> 90 %).  

1 200 Beginning of concrete meltdown (heat-resistant types of concrete as 
far as around 1 550 °C).   

1 300–1 400 Complete meltdown of concrete.   

Source: Adapted from (Ingham, 2009; Lee et al., 2010) 

1.6 Structural Fire Design of Elements 

The standard (ČSN EN 1991-1-2, 2004) offers various ways of fire resistance (reliability) 
verification – time, load capacity, temperature. 

The basic condition of fire resistance compliance: 

 „Required FR“ ≤ „Actual FR“ (1)  

1.7 Fire Resistance Testing of Concrete Structures (Experimental Methods) 

Experimental methods are the basis of structural fire resistance determination. Unlike 
theoretical procedures or calculation models, they are, however, more time-consuming 
and economically demanding. Calculations cannot capture e.g. the compactness of areal 
structure, time development of cracks, layers falling off, etc. The results of calculation models 
reach less economical solutions. Testing samples are made in real size. If the real size elements 
do not fit into oven, elements of minimum dimensions according to valid standards have to face 
the fire at least. 
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1.7.1 Temperature Curves 

Temperature curves are defined by gas temperature in the vicinity of element surface 
as a function of time (ČSN EN 1991-1-2, 2004). They can be divided into nominal and 
parametric. 

The standard (ČSN EN 1363-2, 2000) defines a standard curve, hydrocarbon curve, outer fire 
curve, and slow warming curve. 

The Standard Curve 

The standard (cellulosic) curve has been derived for fire in underground structures. It is 
applied for fire resistance assessment in tunnels, where it is the lowest from the available curves. 
A fully developed fire is modelled. Start of burning and cooling down is not considered. This 
curve is described in older literature as ISO 834 (ČSN 73 0851, 1984; Reichel, 1979). 

Temperature in Oven 

The nominal standard curve is given by equation (ČSN EN 1363-1, 2013): 

 𝑇𝑇 = 345 𝑙𝑙𝑐𝑐𝐼𝐼10(8 𝑡𝑡 + 1) + 20 (2)    

where: 

T … average time in oven (or in particular fire section) [°C] 

t … time [min] 

The Derived Curves 

Derived temperature curves are presented in ZTV-ING regulation. 

1.8 Fire Design of Concrete Structures 

1.8.1 Mechanical, Temperature and Physical Properties of Concrete under Growing 
Temperature (Summary) 

There are recommending standards and regulations for high temperature / fire design 
of concrete structures: Eurocodes valid in member states CEN (ČSN EN 1992-1-2, 2006), fib 
Model Code 2010 (Model Code 2010, 2012), American Concrete Institute – ACI (ACI 216R-
89, 1994), recommendation RILEM – (RILEM TC 129-MHT; RILEM TC 44-PHT; RILEM 
TC 74-THT), the National Building Code of Finland (RakMK B4, 1991), ASTM Standards 
(ASTM E 119; ASTM E 84) and CEB Model Code (Bulletin D´Information, 1991). 
Some selected regulations for testing of mechanical properties of concrete including 
experimentally set properties of concrete under high temperatures are presented further in the 
text. 

1.8.2 Mechanical, Temperature and Physical Properties of Concrete under Growing 
Temperature (ČSN EN 1992-1-2, 2006) 

The standard (ČSN EN 1992-1-2, 2006) presents three options of fire resistance design: 

• use of tables, 

• simplified design methods, 



| 166 

• general design method for modelling of structural elements or a complete structure. 

The fire design code for concrete structures (ČSN EN 1992-1-2, 2006) includes degradation of 
mechanical, temperature and physical properties under growing temperature as a function 
of temperature – see the Tab. 2. This approach is described by a simple calculation method – 
reduction of (characteristic) strength. 

Table 2 The values of the main parameters of the stress-strain diagram of traditional concrete at high 
temperature 

Concrete Siliceous aggregate Limestone aggregate 

Temperature 
 [°C] Θ fc,Θ / fck εc1,Θ εcu1,Θ fc,Θ / fck εc1,Θ εcu1,Θ 

20 1.00 0.0025 0.0200 1.0000 0.0025 0.0200 

100 1.00 0.0040 0.0225 1.0000 0.0040 0.0225 

200 0.95 0.0055 0.0250 0.9700 0.0055 0.0250 

300 0.85 0.0070 0.0275 0.9100 0.0070 0.0275 

400 0.75 0.0100 0.0300 0.8500 0.0100 0.0300 

500 0.60 0.0150 0.0325 0.7400 0.0150 0.0325 

600 0.45 0.0250 0.0350 0.6000 0.0250 0.0350 

700 0.30 0.0250 0.0375 0.4300 0.0250 0.0375 

800 0.15 0.0250 0.0400 0.2700 0.0250 0.0400 

900 0.08 0.0250 0.0425 0.1500 0.0250 0.0425 

1 000 0.04 0.0250 0.0450 0.0600 0.0250 0.0450 

1 100 0.01 0.0250 0.0475 0.0200 0.0250 0.0475 

1 200 0.00 - - 0.0000 - - 

Source: Adapted from (ČSN EN 1992-1-2, 2006) 

where: 

𝛩𝛩 … temperature [°C] 

𝑓𝑓𝑐𝑐,𝛩𝛩 … compressive strength at temperature 𝛩𝛩 [MPa] 

𝑓𝑓𝑐𝑐𝑘𝑘 … characteristic value of compressive strength [MPa] 

𝜀𝜀𝑐𝑐1,𝛩𝛩… thermal strain of corresponding compressive strength 𝑓𝑓𝑐𝑐,𝛩𝛩 [-] 

𝜀𝜀𝑐𝑐𝑢𝑢1,𝛩𝛩 … thermal strain of corresponding compressive strength 𝑓𝑓𝑐𝑐,𝛩𝛩 (limit value) [-] 
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1.8.3 Mechanical Properties of Concrete under Growing Temperature (ACI 216R-89, 
1994) 

Experiments performed by the author converge to the “Unstressed Residual” methodology. 
Residual strength determined by this methodology reach the lowest values [%], as presented in 
the Fig. 1–2. 

 
Figure 1 Residual strength (in compression) of siliceous aggregate concrete (ACI 216R-89, 1994) 

 
Figure 2 Residual strength (in compression) of limestone aggregate concrete (ACI 216R-89, 1994) 

 

1.9 Description of Concrete Constituents under Higher Temperature 

1.9.1 Filler – Aggregate 

Concrete with siliceous aggregate shows worse behaviour under high temperature. Better 
results can be reached by the use of limestone aggregate. Concrete with expanded clay 
aggregate prove the most favourable results. 
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Siliceous Aggregate 

If the temperature exceeds 573 °C, silica (SiO2) changes from α to β modification with the 
parallel volume expansion by ca 5 %. Cracks in aggregate grains can appear. Simultaneously, 
strength of the siliceous aggregate reduces significantly under this temperature. 

1.9.2 Binding agent – Cement 

If the temperature exceeds 110 °C, physically bound water is expelled and crystal framework 
of the cement stone is breached, which causes reduction of strength. 

If the temperature exceeds 200 °C, cement putty compounds decompose (dehydrates) into 
compounds without binding abilities. 

If the temperature exceeds 500–600 °C, cement stone partly decomposes. 

1.9.3 Water 

Water transport in pores of concrete is essential as it causes creation of inner tension in the pore 
vicinity (capillary pressure etc.). Volume change – shrinking or expansion – is the result. 

If the temperature exceeds 100 °C, water changes into steam; diffusion is under way. Under 
higher temperature, physically bound water releases from cement hydration products; in the 
interval of 500–600 °C, it releases from calcium hydroxide. 

1.9.4 Limestone 

Limestone types of concrete reduce their original strength only by 20 % if the temperature 
reaches up to 650 °C; see (Collepardi, 2009). 

1.10 Special Cement Composite Materials 

Considering the fact, that insufficient compaction is the major cause of deteriorated quality 
of hardened concrete, attention focused primarily on self-compacting concrete and its further 
modification. 

1.10.1 Self-Compacting Concrete (SCC) 

Definition of SCC – SCC is characterized by higher ratio: cement matrix / aggregate (contrary 
to ordinary types of concrete); it is able to flow and compact itself by its own weight (significant 
human factor influence – concrete compaction by external force – is eliminated); better fill in 
the areas of dense reinforcement and places that are out of reach of vibration is ensured; visible 
surface is improved; formwork area is well filled out and bled; higher lifetime of forms in the 
case of prefabrication. 

Significant reduction of noise by production, faster process of concrete pouring, increase 
of concrete (not only surface) quality, use of inorganic fine-grained dust and flour can be 
determined as advantages. On the contrary, disadvantages are: higher stress requirements on 
formwork, possibility to pour concrete up to the slope of ca 3 % (TP 187, 2008), or higher 
susceptibility to explosive spalling of concrete under high temperatures. 
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Fresh SCC Testing 

Fresh SCC Testing focuses on determination of four key properties: ability to fill out formwork, 
flow ability, segregation resistance, bleeding resistance. 

1.10.2 Lightweight Self-Compacting Concrete (LWSCC) 

Advantages of LWSCC are lower density, lower thermal conductivity, better thermal 
insulation properties, or (based on the type of aggregate) even processing of industrial waste. 
LWSCC has lower thermal expansion coefficient. 

Disadvantages of LWSCC are lower modules of elasticity contrary to ordinary (vibrated) types 
of concrete (Schutter et al., 2008) and lower ductility. Lightweight aggregate is financially 
more demanding than ordinary aggregate. 

Fresh LWSCC 

Fresh LWSCC shows different characteristics (contrary to SCC). Liquidity and “self-
compactness” can be reached in a smaller scale (due to insufficient inner kinetic energy). 
Lightweight aggregate adsorbs part of mixing water and this can lead to an early hardening 
of LWSCC. Lightweight aggregate “uses” water in pores of the aggregate for additional 
hydration (“inner self-treatment”) and the value of complete shrinking reduces (Hela et al., 
2007). If the value of cement paste is higher, lightweight aggregate tends to “float” on the 
surface of the fresh concrete, because the density of the lightweight aggregate can be lower than 
the density of the cement paste (tendency to “vice versa” segregation). Determination of air 
content is not tested according to the standard (ČSN EN 12350-7, 2009), but according to the 
(ASTM C173, ASTM C 23). 

Rugen Aggregate 

It excels in processing of high shares of fine inorganic waste materials by keeping the lowest 
energetic demand (characterized by low production temperature), see Tab. 3. 

Table 3 Comparison of technical and technological parameters of lightweight artificial aggregate 
types available in the Czech Republic 

Name Fraction 
[mm] 

Bulk density 

[ρS] 

Fragmentati
on resistance 
[MPa] 

Share of 
waste 
material 

[%] 

Temperatu
re of 
aggregate 
production 
[°C] 

Rugen 
4/8 500 - 1200 2 - 20 60 - 100 ≥ 5 

8/16 400 - 1000 1 - 12 60 - 100 ≥ 5 

SioPor 

0.1/1 120 - 160 0.08 0 300 

0.63/2.5 60 - 100 0.03 0 300 

2.5/4 60 - 80 0.01 0 300 

Poraver 2.4/4.8 145 - 230 1.3 100 900 

Liapor 0/2 575 4 0 > 1100 
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0/4 450 2.1 0 > 1100 

4/8 450 1.7 0 > 1100 

8/16 275 0.6 0 > 1100 

Source: Adapted from (Popis produktu RUGEN, 2013) 

1.10.3 Fibre Reinforced Concrete (FRC) 

“FRC is a type of concrete with dispersed reinforcement in the shapes of fibres out of suitable 
material – steel, glass, polymer, carbon, etc. Usually, fibres are dispersed in concrete, but can 
be oriented, too.” (Krátký et al., 1999a). 

FRC excel by higher resilience, impact resistance and ductility, microcracks development 
resistance, and resistance against sudden high temperature occurrence. Modification of concrete 
by PP fibres is considered as one of the options of passive fire protection. 

Stress transmission into fibres (in the case of orientation in the direction of stress action) is 
a function of the length of fibres and slenderness ratio α. 

Polymer microfibers serve to reduction and mitigation of microcracks formation (caused due to 
plastic shrinking). Polymer macrofibres (of irregular shape) serve to improvement of cohesion 
of cement paste and polymer. Fibres are larger (df = ca 10 μm) and terminate growth 
of macrocracks forming as a result of shrinking by drying out. 

Addition of 2 kg of PP fibres into 1 m3 of concrete prevents explosive spalling (“reach of higher 
diffusiveness” due to increase of porous system after the meltdown of PP fibres). 

1.10.4 Steel Fibre Reinforced Concrete (SFRC) 

Advantages of SFRC are the possibility to transmit tensile stress (resilience, ductility, impact 
resistance) in all directions (prevention of cracks propagation). Reinforcement by steel fibres 
improves bending, tensile and shear strength, stiffness, impact resistance, and frost resistance. 

Steel fibres absorb tensile forces in the area of cement putty – under spatial loading – and reduce 
fragile character of concrete damage. Lower maintenance requirements are another assumption 
of SFRC. In some cases, SFRC can substitute ordinary concrete reinforcement. 

2 AIMS OF THE DOCTORAL THESIS 

The dissertation does not aim to perform standard (code) fire resistance tests on large-
dimensional testing bodies, but experimentally perform high thermal loading on the basis 
of author’s warming rate gradient on prepared testing bodies out of special types of concrete 
(modified by author). Goal of this dissertation is the application of two different experimental 
methodologies of thermal loading, firstly in electric oven and secondly as a simulation of local 
(point) fire with the use of propane-butane burner. The direction of research will aim to reach the 
maximum temperature of 400 °C, further the maximum temperature of 1049 °C (approaching the 
description of standard curve), 680 / 750 °C (curves of outer fire), and additionally, on prepared 
cement samples, until the temperatures of 70 and 100 °C. 

The desire is to capture the contemporary state of knowledge in the area of selected special 
types of concrete (SCC, FRSCC, SFRC, PFRC, and LWSCC). Further goal is to apply 
experimental high thermal loading based on testing samples out of special types of concrete 
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prepared by author. Attention is focused on determination of one of the most important 
characteristics of hardened concrete – strength and deformation properties. 

Taking into account the fact that modulus of elasticity of concrete and Poisson’s ratio are not 
set in the standards related to concrete (ČSN EN 206+A1, 2018; ČSN P 73 2404, 2016), 
author’s attempt has been to apply two different approaches to the determination of secant 
modulus of elasticity in compression, firstly the European standard approach and secondly the 
digital image correlation – in collaboration with Sobriety s. r. o. company. Simultaneously, the 
Poisson’s ratio of special types of concrete has been experimentally determined. 

3 LIST OF USED METHODS 

Particular methods used in the experimental part of the dissertation are presented in the 
Chapter 4. 

4 PROBLEMS SOLVING – experimental part 

4.1 Concrete Production 

Motivation of concrete type selection: in view of the fact that the scope of the standard is limited 
(ČSN EN 1992-1-2, 2006) – (concrete with siliceous or limestone aggregate), production 
of promising special types of concrete, which are applied (applicable) on real structures 
(selection of strength classes C 45/55, C 30/37 and LWSC C 25/28), has been chosen. Author 
has performed its further modification by addition of fibres of various types and weight doses. 
Selected key types of concrete are extensively used in prefabrication (C 45/55 - XF2 (CZ, 
F1.2) - Cl 0,2 - Dmax16 - SCC (SF2); C 30/37 - XF2 (CZ, F1.2) - Cl 0,2 - Dmax16 - SCC (SF2); 
LC 25/28 D1,8 - XC1 (CZ, F.1.1) - Cl 0,2 - Dmax16 - SCC (SF1)). Additional types of concrete 
add more information about special types of concrete. They have been added in order to 
determine the modulus of elasticity (in combination with DIC) and Poisson’s ratio, in most 
cases, (C 30/37 - XF4 (F.1.2) - Cl 0,2 - Dmax16 - S3; C 25/30 - XF3 (F.1.2) - Cl 0,2 - Dmax16 
- S3; C 25/30 - XC3 - XD1 - XA1 - XF1 (F.1.1) - Cl 0,2 - Dmax16 - S3; alkaline activated 
material; designed high-strength concrete I, II, III). Author has made self-compacting concrete 
(SCC), fibre reinforced self-compacting concrete (FRSCC) / steel fibre reinforced self-
compacting concrete (SFRSCC), fibre reinforced concrete (FRC) / steel fibre reinforced 
concrete (SFRC). Author has removed fresh concrete samples from traditional vibrating 
concrete (TVB) and collected specimens of alkaline activated material (AAM).  

Applied fibres were: synthetic microfibers Texiplast – Texzem PPF 370, synthetic large-
dimensional fibres Synmix 55, steel wires Dramix 3D 45/50-BL, Dramix 3D 65/35-BG and 
carbon fabric fibres prepared by author. 

4.2 Fresh Concrete Testing 

There has been an effort to determine particular characteristics by testing of fresh concrete 
(consistency / viscosity, density, air content) in the same order and time after mixing / sample 
removal of fresh concrete. 

Maximum effort has been put on performing the tests according to the standards. 
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4.3 Hardened Concrete Testing 

4.3.1 Strength Characteristics 

Author has determined density, compressive strength, and flexural strength using reference 
samples and thermally loaded samples. 

4.3.2 Modulus of Elasticity of Concrete in Compression, Poisson’s Ratio 

Modulus of elasticity is a crucial material parameter describing relation between stress 
and deformation of concrete. At many structures, it is a determinative characteristic for actual 
function and bearing capacity (e.g. bridges, pre-stressed structures), because this attribute is 
applied in the calculation of deformations. 

Modulus of elasticity has been set according to the standards (initial and stabilized according 
to the A Method (ČSN EN 12390-13, 2014) and simultaneously (experimentally) using digital 
image correlation (in collaboration with Sobriety s. r. o. company). 

Selection of methodology (ČSN EN 12390-13, 2014) had been made before the release of the 
ČBS 05 technical regulations (2016). Upon the release of the regulations, it is possible to 
specify the concrete type including the required value of the modulus of elasticity. 

Poisson’s ratio of special types of concrete has been determined using the 3D DIC application. 

4.4 Exposure to Thermal Loading (Summary) 

Two different experimental methodologies (created by author) based on designed gradient 
of warming rate have been used by thermal loading. All thermal loadings have been realized on 
naturally humid concrete samples even though there was a risk of explosive spalling. 

Concrete humidity has always been determined using samples free of thermal loading. They 
have been neither reference samples, nor thermally loaded samples. 

4.4.1 Exposure to Thermal Stress in Electric Oven 

Experimental non-standard testing of samples has been done in an electric oven (made for 
ceramics firing – BVD 800/K). Humidity in additional samples from the same mixture had been 
measured before commencement of any tests. 

Natural humidity of samples had been kept and no mechanical stress had been applied on the 
samples when they were placed into the oven.  

Testing conditions in the electric oven have been set on approach to the description of nominal 
standard curve (max. temperature of 1049 °C), curves of outer fire (max. temperature 
of 680 °C), and specific loading under the max. temperature of 400 °C designed by author. 
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Figure 3 Typical trend of (designed) gradient of loading rate; thermal loading in electric oven 

4.4.2 Exposure to Thermal Local (Point) Loading 

Local (point) loading has been performed using adjustable propane-butane burner by aiming 
into the centre of particular loaded prism fragments (note: formerly used by flexural strength 
test). All heated fragments of samples have been installed between concrete samples that were 
not mechanically loaded. 

Temperature has been detected on the surface exposed to fire on seven exposed spots (0, 0a, 0b, 
1, 2, 3, 4) – see the Fig. 4). Temperature in the centre of gravity has been measured because 
of limited measuring range of the contactless thermometer even in points 0a and 0b. The far side 
surface of the samples has been measured on five spots (0, 1, 2, 3, 4 – location identical to the 
one on the surface exposed to the fire). Thermal share conduction has been represented by 
temperature progress on the remaining fragment parts (point 5). The values have been noted 
down every 4 minutes. 

  

Figure 4 Location of measured points, see 
Suchánek et al. (2013), sample AAM_annealed_1 

Figure 5 Local fire loading 
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Figure 6 Typical trend of (designed) gradient of warming rate; local (point) loading 

5 RESULTS AND DISCUSSION 

5.1 Production, Testing of Fresh Concrete – Evaluation 

Following Procedure of Dosing of Particular Constituents Proved to be Successful: 

1) coarse-grained aggregate (8/16, 4/8) + sand (0/4), 2) addition (limestone), 3) cement, 4) 
water – ca 2/3 of the dose, 5) / fibres /, 6) super-plasticizing admixture (mixed in ca 1/3 dose 
of water). 

It was proved that the effect of segregation of aggregate to the surface does not arrive by 
proper selection of artificial porous aggregate. 

 
Figure 7 Typical trend of classification of consistency according to spill settlement (SCC, 

SFRSCC / SFRC) 
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Figure 8 Initial / stabilized secant modulus of elasticity in compression (25_2017), set by standards; 

loaded on 400 °C in electrical oven (ageref, annealed: 1 month) 

A type of concrete, which has excellent properties in fresh state, increased architectural surface 
quality, but lower modulus of elasticity, can be made. Considering the microstructure, spalling 
of surface layers is easier. 

The assumption of the viscosity increase of fresh concrete due to added steel fibres has been 
confirmed; a typical trend is presented in the Fig. 7. 

5.2 Modulus of Elasticity of Concrete in Compression, Poisson’s Ratio – Evaluation 

Table 4 Comparison of secant modules of elasticity in compression (values determined on set 
of samples, guide values), SCC, SFRSCC, TVB 

SCC45/55ref 25_2016ref 25_2017_ref FRC_ C25/30_2015ref 
(without fibres) 

According to (ČSN EN 12390-13, 2014), A Method; Stabilized EC,S [GPa], determined 

30.3 30.7 30.5 29.5 

By means of DIC, Stabilized EC,S,DIC [GPa], vertical dimension 130 mm, experimentally 
determined 

31.2 N/A 31.2 28.6 

According to (ČSN EN 1992-1-1 ed. 2, 2011); guide value 

36.0 36.0 36.0 31.0 

According to (Model Code 2010, 2012); guide (extrapolated) value 

34.5 34.5 34.5 28.0 

 
Tab. 4 proves reaching of lower values of modules of elasticity of modern types of concrete in 
comparison to guide values of traditional types of concrete. This is attributed to a higher share 
of fine constituents and quantity of (super-) plasticizing admixtures. 
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The assumption of a slight decrease of residual proportional values of modulus of elasticity has 
been confirmed under the max. temperature of 400 °C, see the Fig. 8. 

Poisson’s ratio has been determined using 3D DIC. The trend of slightly higher stabilized value 
in comparison to the initial value of Poisson’s ratio has been confirmed. The Poisson’s ratio of 
HSC reaches the average value of 0.19. This lower value is presumably caused by testing 
of “specific HSC” with the maximum grain size of 16 mm. Application of this coarse fraction 
in the case of HSC / HPC is very unusual. 

5.3 Exposure to Thermal Loading in Electrical Oven - Evaluation 

Methodology of experimental determination of residual properties on cooled testing samples 
approach the methodology of testing according to the “Unstressed Residual”; see the 
Chap. 1.8.3. It is the most critical approach out of the available ones according to the (ACI 
216R-89, 1994). 

5.3.1 Loading by the Maximum Temperature of 1049 °C 

A negative effect – explosive spalling – has been confirmed due to inner tension 
and overpressure of steam in naturally humid concrete. Increased fire resistance of SFRC has 
not been confirmed due to this fact. Selection of steel fibres of different length (shape, diameter) 
could make different results. 

Visible damage by wide cracks (caused by volume changes of concrete structures) has appeared 
on LWSCC and AAM samples. Relatively high values of residual compressive and flexural 
strength have been obtained though the damage was vast and visible (in the case of concrete 
LWSCC, AAM). 

5.3.2 Loading by the Maximum Temperature of 400 °C 

 
Figure 9 Typical trend of compressive strength of SCC, LWSCC; Thermal Loading in Electrical 

Oven, loaded on 400 °C, (age_annealed: SCC: 1 month, LWSCC: 6 months), (* d = 100 mm) 
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Figure 10 Typical trend of compressive strength of SFRSCC; Thermal Loading in Electrical Oven, 

loaded on 400 °C (age_annealed: 25_2013: 3 months, others: 1 month) 

5.4 Exposure to Local (Point) Thermal Loading – Evaluation 

The effect of synthetic fibres meltdown has been confirmed. Different values of compressive 
residual strength have been reached in comparison to thermal loading in electric oven. It has 
been a different way of loading. 

Diffusion has appeared. The most significant condensation of water steam has appeared in the 
case of PFRSCC / PFRC – as soon as in the first minutes of thermal loading. 

6       CONCLUSION 

Extensive experimental study determines some of the basic characteristics of hardened 
concrete, strength and deformational properties, using reference and thermally loaded testing 
samples. Because of the absence of two key sources in the European standards related to 
concrete – of the modulus of elasticity and the Poisson’s ratio – focus has been given on the 
determination of these important properties. 

Exposure to Thermal Loading 

Based on two methodologies of thermal loading designed by author, including the concept of 
warming rate gradient, it can be stated that, under certain conditions and under the maximum 
temperature of 400 °C, residual strength characteristics equal or better than reference 
mechanical properties can be reached. Note: Application of “the most critical methodology” 
and, at the same time, use of siliceous aggregate concrete has not prevented the increase of 
residual strength properties. 

Exposition to temperature stress – possibilities of further research (~ 400 °C) 

Presented experimental methodology of high temperature loading until the maximum 
temperature of 400 °C is reached could indicate the direction of “modern way of high 
temperature through-warming” (modern thermal treatment). The determination of the optimum 
way of temperature loading experimental influence will be a subject of research in the next 
phase of the experimental work. 

Lightweight Self-Compacting Concrete – Further Research Options 

Increase of strength of residual mechanical properties of lightweight self-compacting concrete 
is attributed to chemical processes – in applied type of artificial porous aggregate – caused by 
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high thermal loading. Follow-up experimental studies will aim into the development of concrete 
with a particular artificial porous aggregate. 

Development of “lightweight high performance / high strength fibre reinforced self-compacting 
concrete”, which excels in advantages arisen from the character of particular special types of 
concrete, including processing of a significant amount of waste material in aggregate, can be 
labelled as an eccentric idea. This idea emerged based on a verified fact that residual strength 
properties can be improved by specific high temperature loading. Density simultaneously 
decreases in the case of lightweight self-compacting concrete (decrease of nearly 500 kg·m-3 
was achieved in an experiment). This type of concrete will be resistant to high temperature 
influence and explosive spalling will be prevented. It will have lower thermal conductivity; 
therefore, reinforcement will be better protected. In fresh state, it will act like a self-compacting 
fibre reinforced concrete / steel fibre reinforced concrete. Another research options aim to the 
improvement of artificial aggregate properties even before the beginning of the concrete 
production. 

Summary of Results 

Particular evaluations are the subject of the Chapter 5. 

Following Summary Can Be Made for Particular Parts: 

Exposure to Thermal Loading of the Maximum Temperature of 1049 °C 

Explosive spalling directly relates to microstructure and transport mechanisms. In the case of 
fibre reinforced concrete with added polymer microfibers, explosive spalling has been 
prevented. Passive protection has been proved. By this modification of concrete, costs have 
increased in the minimum extent, but the result has increased passive safety including other 
advantages emerging from the use of fibre reinforced concrete. 

It is known that steel fibre reinforced concrete can, under certain conditions, postpone spalling 
of concrete. Based on performed experimental work, it can be stated that increased fire 
resistance of steel fibre reinforced concrete has not been confirmed. Explosive spalling of steel 
fibre resistance concrete (in comparison to the types of concrete without fibres) has happened. 
It can be assumed that oxidized steel fibres have caused damage of the samples (popping). The 
oxidation has caused expansion of particular steel fibres. The effect of growing tensile stress 
between steel fibres and concrete is attributed to thermal flow transmission into the steel fibres 
due to high thermal conductivity of steel contrary to concrete. Temperature difference between 
steel fibres and concrete has caused spalling of concrete. 

High thermal loading has caused a change of physicochemical properties. The effect of 
dominant expansion of aggregate has been confirmed; visible damage in the place of border of 
phases has happened. 

Density of concrete has decreased due to expulsion of free and, later, physically bound water. 
Due to the decrease of physically bound water, degradation that is more significant has 
happened. Structural changes of studied special types of concrete are shown using SEM and 
EDXA. 
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Modulus of Elasticity of Concrete, Poisson’s Ratio 

Modulus of elasticity is one of the basic characteristics of hardened concrete. Secant modules 
of elasticity values of special types of concrete in compression have been determined by 
standards and by correlation of digital image. Analysis of variance of results has been made by 
Anova test on the level of significance 0.05. Conclusions could differ in the case of larger 
statistical data set. 

It has been proved, by application of two methods, that “modern types of concrete” have lower 
values of modules of elasticity. This fact is attributed to the higher share of fine constituents 
and quantity of (super-) plasticizing admixtures. 

It has been proved that modulus of elasticity decreases by high thermal loading more rapidly 
than strength characteristics. 
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INTRODUCTION 

Human society has very close relationship to transport since ever. Without the existence of 
quality transport, the historical development would never be possible in its full extent and 
complexity. It its modes from individual one to the public one transport is the engine and an 
essential condition of the economic performance of contemporary civilization. To provide 
public transportation services is one of the basic indicators of the life standard in certain locality, 
thus public transport services shall be seen as important issue in each region. It is essential to 
understand local circumstances and transport needs for its proper provision, this is the only way 
how to achieve the aim of high-quality service offer fulfilling contemporary sustainable 
mobility requirements. 

Public transportation services are natural part of public services provided by the self-governed 
regions and central government in the Czech Republic as well as former Czechoslovakia, the 
development of recent years brings up new issues and challenges though. Dynamic 
development of recent three decades brought extraordinary amount of changes that had to affect 
the public transport services too. The massive outbreak of individual motorism, growing 
regional disparities in development and economic efficiency, weakening of local industrial 
concentration, political and social integration into the structures in politically-western-
European area leading to the growth of the standard of living, suburbanization and urban sprawl, 
cultural and social megatrends, integration of public transport subsystems and cost optimization 
pressure lead to new requirements. 

Public transport services and their provision by public transport contracts are part of 
complicated multidisciplinary issue. This complex issue has strong impact on the citizens, 
which very often leads to the fact that the solution are more political compromises (on the local, 
regional, national as well as international level) than the outcomes of scientific approach. 

The evaluation of the public transport services quality level, the influence of certain factors 
determining its extent and how anticipatively it reacts to the transport needs of local inhabitants 
with respect to the financial limitations of public budgets are very complicated, it is influenced 
by many social, political, demographical and economic factors. 

The subject of this thesis is to design a methodology of the evaluation of the extent of public 
transport services in certain municipality units within a region with the usage of a mathematical-
statistical model of public transport services connection count prediction. The main aim is 
accomplished by using appropriate scientific methods based on detailed analysis of present-
time knowledge of the issue. 

1 ANALYSIS OF CURRENT STATE IN THE FIELD OF THE DOCTORAL THESIS 
The first chapter of the thesis covers the analysis of the existing situation in the field of public 
transportation services. The chapter is based on thorough review of wide variety of domestic 
and foreign literature. The analysis consists of the topics of public transportation services and 
their undisputable benefits to contemporary society as it is widely accepted as the only 
sustainable alternative to individual motorism. The benefits can be recognized in many fields, 
in particular the benefits in social field are crucial. 
Under certain circumstances the public transportation services can bring the economical profit, 
but in the overwhelming majority of the cases public transportation services aren’t viable in 
purely economic point of view. The evaluation of the public transportation services shall be 
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shifted from purely economical to social-economical point and accepted as services provided 
in public interest. This approach also transforms the economic model, the services are provided 
not only to meet the demand, but also to meet other needs than a priori demand. Including the 
social aspects in public transportation services planning and organizing is essential part of 
sustainable mobility. Public interest is represented by public transport services contracts. The 
subsidies involved aren’t primarily the support to the operator, but the payment for services 
provided for the region and its inhabitants. 
The public transportation services system in the Czech Republic is well known for its long 
tradition, considerably high quality and high usage by commuting, most of the connections are 
provided on the base of public transportation contracts. Annual subsidy to the system reaches 
approximately 20 billion of CZK. 
The emphasis was put on public transportation services determining factors, the importance of 
certain factors varies, but authors of public literature agree on crucial importance of the 
population. The problem of discontinuity of public transport services quality in different regions 
is identified, the extent of public transport services varies among regions. Despite this fact no 
methodology of the evaluation of the extent of public transport services in certain municipality 
units within a region was found, public transport services standards define only minimum level 
of service. 
Chosen competent authorities (regions, ministry of transport) come up with standard and above-
standard extent of public transport services provided and also stronger emphasis on planning 
and its obligatory character appears recently. These aspects are other reasons to come up with 
the methodology of the evaluation of the extent of public transport services. 

2 AIMS OF THE DOCTORAL THESIS 
Based on the detailed literature review of the current state in the field of doctoral thesis in Czech 
Republic and abroad the aims of the thesis are set. The main aim of this doctoral thesis is to 
design a methodology of the evaluation of the extent of public transport services in certain 
municipality units within a region with the usage of a mathematical-statistical model of public 
transport services connection count prediction. 
The model will create predictions of the public transportation services connection count within 
defined time period in certain municipal units of analyzed regions with high statistical 
credibility. The starting point for reaching the aim will be the complex analysis of particular 
factors determining public transportation services in municipal units. The outcome will not be 
only the count prediction, but also the influence rate of particular factors. The model will cover 
wide variety of specific aspects determining the final count of public transport service 
connections serving particular municipal unit, it will allow transparent comparison of the 
predicted count and reference count. This makes it a useful decision support tool when deciding 
about public transport services. Also, there is vast potential of wide usage of the whole 
methodology in order to understand deeper this issue following by the benefits in the sector of 
education. 
The main aim will be reached by accomplishing a serie of sequential sub-aims: 
1. To form a mathematical-statistical model predicting the count of public transportation service 
connections in particular municipal units of a region. The sub-aim is accomplished by using 
appropriate scientific methods based on detailed analysis of present-time knowledge of the 
issue. The main requirement to be met by the model is its ability to predict the level of public 
transport services in assessed municipal units based on factors that are identified as the ones 
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that determine the extent of public transportation services, the prediction shall be done with 
high statistical credibility. 
2. To form a methodology of the evaluation of the extent of public transport services in certain 
municipality units with the usage of a model created according to the previous sub-aim. 
3. Use the methodology and create the model. 
4. To apply the methodology and model created within on certain region, to adjust the model 
based on the real data from that region and assess its credibility. The outcome should undergo 
a critical analysis that will be the last step of the methodology. 

3 LIST OF USED METHODS 

Throughout all the doctoral thesis only methods and techniques based on rational logics in 
compliance with science methodology are used to reach the aims. The choice of scientific 
methods originates from the principles of scientific research, the emphasis is put on systematic 
and organized character. Scientific research is realized in three standard steps – the exploration, 
the prediction and the explanation (Olecká and Ivanová, 2010): 
 
• The exploration is the introductory part of the scientific research, basic elements of the 

research scope are identified and characterized. 
• The prediction follows, during this phase certain qualitative and quantitative characteristics 

are identified and links between them are described. 
• Final research part is the explanation, during this phase the final information is presented 

and issue explained. 
 

3.1 Basic Explanatory Methods 
The cornerstones are basic explanatory methods that are universally applicable at all steps of 
scientific research. Among methods used in this thesis literature review, abstraction and 
concretization, deduction and induction, analysis and synthesis, analogy and comparing and 
expert estimation. 
 
3.2 Prognostic Methods 

Fundamental methods in this thesis are prognostic methods, exact prognostic methods 
according to Jirsák, Mervart and Vinš (2012) are used. The model created in the methodology 
is based in regression, that is basic statistical method when exploring links between numerical 
signs (Blatná, 2008). 

3.2.1 Linear regression  
Regression function is expected value of the dependent (stochastic; output) variable derived 
from changeable combinations of independent (deterministic; input) variables, thus regression 
can be understood in the way presented in the formula (1) according to van Wieringen (2019); 
Blatná (2008) and Hebák (1998). 

𝑌𝑌 = 𝑓𝑓(x, 𝑐𝑐1, … , 𝑐𝑐𝑘𝑘) + 𝜀𝜀 = 𝐸𝐸(𝑌𝑌|𝑋𝑋) 
where: 
𝑌𝑌………………………. output variable [-], 
𝑋𝑋………………………. input variable [-], 
𝑐𝑐1, … , 𝑐𝑐𝑘𝑘………………. regression parameters [-], 
𝑘𝑘……………………..…regression parameters count, 𝑘𝑘 ≥ 1 ∧ 𝑘𝑘 ∈ ℕ [-], 

(1) 



| 188 

𝑓𝑓(x, 𝑐𝑐1, … , 𝑐𝑐𝑘𝑘) ............... regression function [-], 

𝜀𝜀 ..................................... error variable caused by the influences not included in the model [-], 

𝐸𝐸(𝑌𝑌|x) ........................... expected value of the output variable 𝑌𝑌 derived from 𝑋𝑋 [-]. 

Basic vector view on vector regression based on van Wieringen (2019), Tvrdík (2013), Bremer 
(2012), Anděl (2005), Zvára (2002), Hebák (1998). Rousseeuw and Yohai (1984), Golub, 
Heath and Wahba (1979) and Hoerl and Kennard (1970) is presented in formula (2). 
 
𝐲𝐲 = 𝐗𝐗𝐗𝐗 + 𝛆𝛆  (2) 
where: 

𝐲𝐲 ..................................... vector of real empirically found values of dependent variable 

consisting of 𝑛𝑛 dimensions [-], 

𝐗𝐗 .................................... matrix of independent variables of the (𝑛𝑛 × 𝑝𝑝) dimensions [-], 

𝐗𝐗 .................................... vector of regression coefficients consisting of 𝑝𝑝 dimensions [-], 

𝛆𝛆 ..................................... vector of error variable consisting of  𝑛𝑛 dimensions [-]. 

The linear regression is based on ordinary least squares method introduced by Gauß (1809). 
The interpretations by Bondell and Stefanski (2013), Bremer (2012) and Franc (2011) are 
presented in the formula (3). 
 

min 
𝐗𝐗�

𝐞𝐞T𝐞𝐞 = min
𝐗𝐗�

�𝐲𝐲 − 𝐗𝐗𝐗𝐗��
T

�𝐲𝐲 − 𝐗𝐗𝐗𝐗�� = min
𝐗𝐗�

�𝐲𝐲 − ∑ 𝐱𝐱𝒋𝒋
𝐓𝐓𝐗𝐗�𝑘𝑘

𝑗𝑗=1 �
2
  (3) 

 
where: 

𝐞𝐞 ..................................... residual vector of differences between real empirically found values 

of 𝑦𝑦 variable and their predicated estimation consisting of  𝑛𝑛 

dimensions [-], 

𝐗𝐗� .................................... vector of the estimations of the regression coefficient 𝑐𝑐 consisting of 

𝑝𝑝 dimensions [-], 

𝐲𝐲 ..................................... vector of real empirically found values of dependent variable 

consisting of 𝑛𝑛 dimensions [-], 

𝐗𝐗 .................................... matrix of independent variables of the (𝑛𝑛 × 𝑝𝑝) dimensions [-], 

𝑗𝑗 ..................................... identifier of particular input valuable, 𝑗𝑗 ∈ 〈1; 𝑘𝑘〉 ∧ 𝑗𝑗 ∈ ℕ [-], 
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𝑘𝑘 ..................................... regression parameters count, 𝑘𝑘 ≥ 1 ∧ 𝑘𝑘 ∈ ℕ [-], 

𝐱𝐱𝒋𝒋 ................................... vector of the values of  𝑗𝑗 th independent variable consisting of  𝑘𝑘 

dimensions [-]. 

The outcome of the linear regression model is shown in the formula (4) according to Neubauer 
(2016), Bremer (2012) and Hebák and Svobodová (2001). 
 
𝐲𝐲� = 𝐗𝐗𝐗𝐗�  (4) 
 
where: 
𝐲𝐲� ..................................... vector of predicted values of independent variable consisting of 𝑛𝑛 

dimensions [-], 
𝐗𝐗 .................................... matrix of independent variables of the (𝑛𝑛 × 𝑝𝑝) dimensions [-], 
𝐗𝐗� .................................... vector of the estimations of the regression coefficient 𝑐𝑐 consisting of 

𝑝𝑝 dimensions [-]. 
 

3.2.2 Robust regression using LTS 
According to Hebák and Svobodová (2001) any systematic pattern or nonrandomness of the 
residuals indicates to shortcomings of the regression model. The linear regression model based 
on the ordinary least squares method is very sensitive to outliers. Robust regression is involved 
in order to deal with outliers. Based on comparison of different robust regression methods LTS 
(Least trimmed squares method) is chosen to be used in the model. LTS is based on the iteration 
principle, it has four main steps (Doornik, 2011): 

1. Setting the trimming constant of 𝑟𝑟. 

2. All possible subsets 𝛾𝛾 consisting of 𝑟𝑟 observations are generated. For each subset 𝛾𝛾 the 
regression coefficients 𝑐𝑐  estimations are counted by standard ordinary least squares 
method. 

3. The residuals 𝑒𝑒𝐿𝐿𝐿𝐿𝐸𝐸,𝛾𝛾
𝑙𝑙  are counted for each vector 𝐗𝐗�𝜸𝜸

𝐋𝐋𝐓𝐓𝐋𝐋  and all 𝑛𝑛 observations. Resiudals 
vector 𝐞𝐞𝜸𝜸  is assembled for each vector 𝐗𝐗�𝜸𝜸

𝐋𝐋𝐓𝐓𝐋𝐋 . The dimensions of vector 𝐞𝐞𝜸𝜸  are ordered 
ordinaly according to the size of the second powers of their residuals. 

4. Particular vector 𝐗𝐗�𝜸𝜸
𝐋𝐋𝐓𝐓𝐋𝐋  is chosen, it is the vector that leads to the lowest values of the 

minimization criterion. The criterion is introduced in the formula (5) (Alfons, Croux and 
Gelper, 2013). 

min
𝛾𝛾

min
𝐗𝐗�𝜸𝜸

𝐋𝐋𝐓𝐓𝐋𝐋
𝐞𝐞𝜸𝜸

∗ 2 = min
𝛾𝛾

min
𝐗𝐗�𝜸𝜸

𝐋𝐋𝐓𝐓𝐋𝐋
�𝐲𝐲𝜸𝜸

∗ − 𝐗𝐗𝜸𝜸
∗ 𝐗𝐗�𝜸𝜸

𝐋𝐋𝐓𝐓𝐋𝐋�
2 = min

𝛾𝛾
min

𝑐𝑐�0
𝐿𝐿𝐿𝐿𝐿𝐿,𝛾𝛾,𝑐𝑐�𝑗𝑗

𝐿𝐿𝐿𝐿𝐿𝐿,𝛾𝛾
∑ 𝑒𝑒𝛾𝛾

�𝑙𝑙𝛾𝛾�2
𝑟𝑟
�𝑙𝑙𝛾𝛾�=1 ==

min
𝛾𝛾

min
𝑐𝑐�0

𝐿𝐿𝐿𝐿𝐿𝐿,𝛾𝛾,𝑐𝑐�𝑗𝑗
𝐿𝐿𝐿𝐿𝐿𝐿,𝛾𝛾

∑ �𝑦𝑦�𝑙𝑙𝛾𝛾� − �̂�𝑐0
𝐿𝐿𝐿𝐿𝐸𝐸,𝛾𝛾 − ∑ �̂�𝑐𝑗𝑗

𝐿𝐿𝐿𝐿𝐸𝐸,𝛾𝛾 × 𝑋𝑋𝑗𝑗
�𝑙𝑙𝛾𝛾�𝑘𝑘

𝑗𝑗=1 �
2

𝑟𝑟
�𝑙𝑙𝛾𝛾�=1                                                                (5) 

 where: 
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𝛾𝛾……. ……….identifier of particular subset consisting of 𝑟𝑟  observations,  
                         𝛾𝛾 ∈ 〈1; Γ〉 ∧ 𝛾𝛾 ∈ ℕ [-], 

𝐗𝐗�𝜸𝜸
𝐋𝐋𝐓𝐓𝐋𝐋 ………….vector of the estimations of the regression coefficient 𝑐𝑐  numerated by LTS 

method for the subset 𝛾𝛾 consisting of 𝑝𝑝 dimensions [-], 

𝐞𝐞𝜸𝜸
∗ …………….residual vector of differences between real empirically found values of 𝑦𝑦 

variable and their predicated estimation consisting of  𝑟𝑟  dimensions 
representing the observations included in subset 𝛾𝛾 , the order of particular 
dimensions 𝑒𝑒𝛾𝛾

�𝑙𝑙𝛾𝛾� is set ordinally according to the size of their second powers 
[-], 

𝐲𝐲𝜸𝜸
∗ …………vector of real empirically found values of dependent variable consisting of  𝑟𝑟 

dimensions representing the observations included in subset 𝛾𝛾 , the order of 
particular dimenstions 𝑦𝑦𝛾𝛾

�𝑙𝑙𝛾𝛾� is set ordinally according to the size of the second 

powers of their residuals 𝑒𝑒𝛾𝛾
�𝑙𝑙𝛾𝛾� counted for assessed vector 𝐗𝐗�𝜸𝜸

𝐋𝐋𝐓𝐓𝐋𝐋 [-], 

𝐗𝐗𝜸𝜸
∗ …………..matrix of independent variables of the (𝑟𝑟 × 𝑝𝑝) dimensions, the order of particular 

rows �𝑚𝑚𝛾𝛾� is set ordinally according to the size of the second powers of their 

residuals 𝑒𝑒𝛾𝛾
�𝑙𝑙𝛾𝛾� counted for assessed vector 𝐗𝐗�𝜸𝜸

𝐋𝐋𝐓𝐓𝐋𝐋 [-], 

�̂�𝑐0
𝐿𝐿𝐿𝐿𝐸𝐸,𝛾𝛾………the estimation of the intercept term counted by the LTS method for subset 𝛾𝛾 [-], 

�̂�𝑐𝑗𝑗
𝐿𝐿𝐿𝐿𝐸𝐸,𝛾𝛾……....the estimation of the regression coefficient of 𝑗𝑗th independent variable counted 

by the LTS method for subset 𝛾𝛾 [-], 

�𝑚𝑚𝛾𝛾�………..identifier of particular observation in the adjusted ordinal order according to the 

size of the second powers of their residuals 𝑒𝑒𝛾𝛾
�𝑙𝑙𝛾𝛾� counted for asessed vector 

𝐗𝐗�𝜸𝜸
𝐋𝐋𝐓𝐓𝐋𝐋, �𝑚𝑚𝛾𝛾� ∈ 〈1; 𝑛𝑛〉 ∧ �𝑚𝑚𝛾𝛾� ∈ ℕ [-], 

𝑟𝑟…………....trimming constant, the number of observations included in particular subsets 𝛾𝛾 of 
the minimization criterion of LTS method, 
𝑟𝑟 ∈ 〈1; 𝑛𝑛〉 ∧ 𝑟𝑟 ∈ ℕ [-], 

𝑒𝑒𝛾𝛾
�𝑙𝑙𝛾𝛾�………the residuum of the observation �𝑚𝑚𝛾𝛾� counted with the use of assessed estimations 

of regression coefficients 𝑐𝑐 for subset 𝛾𝛾 [-], 

𝑦𝑦�𝑙𝑙𝛾𝛾�………true empirically identified value of the independent variable for the observation 
�𝑚𝑚𝛾𝛾� [-], 

𝑗𝑗……………identifier of particular input valuable, 𝑗𝑗 ∈ 〈1; 𝑘𝑘〉 ∧ 𝑗𝑗 ∈ ℕ [-], 

𝑘𝑘…………...regression parameters count, 𝑘𝑘 ≥ 1 ∧ 𝑘𝑘 ∈ ℕ [-], 

𝑋𝑋𝑗𝑗
�𝑙𝑙𝛾𝛾�……….value of 𝑗𝑗-th independent variable for the observation �𝑚𝑚𝛾𝛾� [-]. 

 

3.2.3 Robust regression using LTS 
By the multiple regression analysis growing number of variables 𝑘𝑘  leads to a drop in the 
credibility of the ordinary least squares method, the vectors of input variables aren’t orthogonal, 
the absence of orthogonality means that multicollinearity appears in the model (Bremer, 2012; 
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Hoerl and Kennard, 1970). Reaching clear orthogonality between all input variables isn’t 
possible in real world. Then multicollinearity leads to the distortion of values of regression 
coefficients, instability of regression model a very low model credibility (Dorugade, 2018; 
Buonaccorsi, 1996). 
Ridge regression deflects lightly the regression coefficients estimations, the principle is 
penalization of such regression coefficients 𝑐𝑐 that evince the marks of multicollinearity (NCSS 
Statistical Software, 2019; Oleszak, 2019; Breheny, 2011; Golub, Heath and Wahba, 1979). 
The real effect of the ridge regression is strengthening the diagonal of the 𝐗𝐗T𝐗𝐗 matrix as 
described by Zvára (2008). The mathematical form is provided in the formula (6) according to 
Xiao, Coots and Ye (2017) and Zvára (2008). 

𝐗𝐗�𝐑𝐑𝐑𝐑 = (𝐗𝐗T𝐗𝐗 + λ𝐈𝐈𝒏𝒏)−1𝐗𝐗T𝐲𝐲 

where: 
𝐗𝐗�𝐑𝐑𝐑𝐑 ................................... vector of the estimations of the regression coefficient 𝑐𝑐 numerated 

by ridge regression for the subset 𝛾𝛾 consisting of 𝑝𝑝 dimensions [-], 
𝐗𝐗 ....................................... matrix of independent variables of the (𝑛𝑛 × 𝑝𝑝) dimensions [-], 
λ ........................................ ridge regression constant [-], 
𝐈𝐈𝒏𝒏 ...................................... identity matrix of the (𝑛𝑛 × 𝑛𝑛) dimensions [-], 
𝐲𝐲 ........................................ vector of real empirically found values of dependent variable 

consisting of  𝑛𝑛 dimensions [-]. 

Van Wieringen (2019) shows that the estimation of vector 𝐗𝐗�𝐑𝐑𝐑𝐑 allows the user to compute the 
final vector of predicted values 𝐲𝐲�𝐇𝐇𝐑𝐑 as demonstrated in formula (7).  

𝐲𝐲�𝐑𝐑𝐑𝐑 = 𝐗𝐗𝐗𝐗�𝐑𝐑𝐑𝐑  

where: 
𝐲𝐲�𝐇𝐇𝐑𝐑 .................................... vector of predicted values of independent variable consisting of 𝑛𝑛 

dimensions numerated by ridge regression [-], 
𝐗𝐗………………matrix of independent variables of the (𝑛𝑛 × 𝑝𝑝) dimensions [-], 
𝐗𝐗�𝐑𝐑𝐑𝐑……………vector of the estimations of the regression coefficient 𝑐𝑐 numerated by ridge 

regression for the subset 𝛾𝛾 consisting of 𝑝𝑝 dimensions [-]. 
4 PROBLEMS SOLVING 

This Chapter contains the description of the execution of the subject of the thesis. 

4.1    Model inputs 
The model quantifies the influence of particular factors, that were identified in the literature 
review as factors that determine the public transportation services. Each factor is represented 
by an appropriate input value. The overview of model inputs is introduced in the Table 1. 
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Table 1. The overview of all potentially entering inputs to the mathematical-statistical model 

Input 
identifier 𝒋𝒋 

Name and description of the factor 
(always related to the assessed municipality unit) 

Binary 
variable 

1 Inhabitants count no 

2 The women share on total inhabitants count no 

3 The share of economically active population on total 
inhabitants    count 

no 

4 Unemployment rate no 

5 The count of microbusinesses no 

6 The count of little businesses no 

7 The count of middle businesses no 

8 The count of large businesses no 

9 The count of elementary schools no 

10 The count of secondary schools no 

11 The count of tertiary schools and universities no 

12 The count of municipal units with the inhabitant count 
within the ⟨𝐴𝐴; 𝐵𝐵) range remoted no more then defined distance 
of 𝐷𝐷 

no 

13 The count of municipal units with the inhabitant count 
within the ⟨𝐵𝐵;∞)  range remoted no more than defined 
distance of 𝐷𝐷 

no 

14 The distance to the regional center, in specific cases 
of bicentric regions the sum of distances to both centers can 
be used 

no 

15 Administrative part of the regional center yes 

16 Regional border remoted no more than defined 
distance of 𝐸𝐸 

yes 

17 National border remoted no more than defined 
distance of 𝐺𝐺 

yes 

18 The existence of important cultural sight or social-
cultural facilities 

yes 

19 The existence of important natural sight or location 
within the area of natural protected area 

yes 

20 The location at the road with the transportation density 
within the ⟨𝐽𝐽; 𝐾𝐾) range 

yes 

21 The location at the road with the transportation density 
within the ⟨𝐾𝐾; ∞) range 

yes 

22 The location by the crossing of important roads both 
exceeding the transport density of 𝐿𝐿, or at the railway crossing 
where both lines are regularly served by passenger transport 

yes 

23 The existence of a railway station or stop on the track 
regularly served by passenger transport  

yes 
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24 The altitude higher than the limit of 𝑀𝑀 yes 

25 Specific factor defined in the critical analysis of 
previous model version 

yes /no 

Source: author 

Particular limit values used in the Table 1 𝐴𝐴, 𝐵𝐵, 𝐷𝐷, 𝐸𝐸, 𝐺𝐺, 𝐽𝐽, 𝐾𝐾, 𝐿𝐿 and M shall be defined in more 
variants and all of them will be tested during the process as limit values 𝜁𝜁. 

4.2   Methodology of the evaluation of the extent of public transport services 
The methodology of the evaluation of the extent of public transport services in certain 
municipality units within a region with the usage of a mathematical-statistical model of public 
transport services connection count prediction is introduced in this chapter. The scientific 
methods described in chapter 3 are used in order to create the described methodology. 
The methodology has 6 steps that will be shortly described in the subchapters. 

4.2.1 Initialization – a decision to create the model 
There are two basic types of reasons that lead to the decision to create the model: 
1. The evaluation of the reference state, which can be present-time situation or potential

alternative as s decision support during public transport optimization.
2. Theoretical point of view on this issue as part of scientific research in order to get better

understanding of this area.
The decision about the model creation must be followed by exact specification of evaluated 
region. 

4.2.2 Specification of the municipal units and the public transport stops and stations 
distribution 
During the second step of the methodology the municipal units of the region are specified, their 
area is precisely defined, and the public transport stops and stations are assigned to the units 
with the emphasis on real importance of these stops and stations for certain municipal units. 
When the public transport stops and stations serve more municipal units, it can lead the solver 
to the respecification of the municipal units structure by merging these municipal units together 
for the model. 

4.2.3 Data collection 
Two data spheres are identified and included to the model. 
First data needed for the model are the data about reference public transport services within the 
analyzed region. The most usual type of the analyzed reference public transport services state 
is the contemporary situation of its provision. The data is structured as the count of public 
transport service connections in each single municipal unit in defined time unit, typically the 
amount of public transport service connections within 24 hours of a standard weekday. The 
difference between public transport service connections of different character aren’t considered 
as all of them lead to the same outcome for analyzed municipal unit, this covers the different 
transport modes as well as different financial background of the connections (provided by a 
transport company on a commercial basis or as an obligation given by public transport services 
contract). 

The outcome is structured into a vector y, the vector is described in the formula (8). 
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𝐲𝐲 = �
𝑦𝑦1

⋮
𝑦𝑦𝑛𝑛

� (8) 

where: 
𝐲𝐲 .......................................... vector of reference values of public transport service connections 

in all 𝑛𝑛 included municipal units within a defined time unit [-], 
𝑦𝑦1 ........................................ reference value of public transport service connections in the 

municipal unit 𝑚𝑚 = 1 within a defined time unit [-], 
𝑦𝑦𝑛𝑛 ....................................... reference value of public transport service connections in the 

municipal unit 𝑚𝑚 = 𝑛𝑛 within a defined time unit [-], 
𝑛𝑛………………………...... the count of municipal units included to the model, 𝑛𝑛 ≥ 1 ∧ 𝑛𝑛 ∈ ℕ 

[-]. 

The other data needed are the numerical representations of all the factors that determine public 
transport service connections count, their overview is in Table 1. The data is structured in an 
𝐗𝐗𝒏𝒏 matrix, its structure is introduced in formula (9). The 𝐗𝐗𝒏𝒏 matrix has 𝑘𝑘 versions, one for each 
input combinations 𝑖𝑖. The input combinations are derived from the limit values introduced in 
subchapter 4.1. 

𝐗𝐗𝒏𝒏 = �
1
1
1

𝑋𝑋1
1 ⋯ 𝑋𝑋𝑘𝑘

1

⋮ ⋱ ⋮
𝑋𝑋1

𝑛𝑛 ⋯ 𝑋𝑋𝑘𝑘
𝑛𝑛

�  (9) 

where: 

X𝑙𝑙…………........................matrix of independent variables of the (𝑛𝑛 × 𝑝𝑝) dimensions for the 
𝑖𝑖 −th combination of inputs consisting of  𝑛𝑛 dimensions [-], 

𝑖𝑖…….. ……………………identifier of certain input combination, 𝑖𝑖 ∈ 〈1; 𝑘𝑘〉 ∧ 𝑖𝑖 ∈ ℕ [-], 

𝑋𝑋1
1, … , 𝑋𝑋𝑘𝑘

𝑛𝑛…… …………....particular independent variables [-], 

𝑘𝑘………………………….regression parameters count, 𝑘𝑘 ≥ 1 ∧ 𝑘𝑘 ∈ ℕ [-], 

𝑛𝑛………………………….the count of municipal units included to the model, 𝑛𝑛 ≥ 1 ∧ 𝑛𝑛 ∈ ℕ 
[-]. 

4.2.4  Model construction 
Fundamental step of the methodology is the construction of mathematical-statistical model. The 
main inputs for the model are vector y and matrices X𝑙𝑙 both prepared in the subchapter 4.2.3. 
The model construction has three phases: 
1. Initial construction of the regression model using the multiple linear regression – standard

ordinary least squares method.
2. The second phase specifies the prediction from the first phase by implementing the LTS

method of robust regression. This method is implemented in order to manage the existence
of outlier in the input data (observations).

3. Third phase than deals with the multicollinearity by using ridge regression.
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First phase is based on formulas (3) and (4). The output dimensions of vector 𝑦𝑦� are used to 
count the residuals, as shown in formula (10). 

𝑒𝑒𝑂𝑂𝐿𝐿𝐸𝐸,𝑙𝑙
𝑙𝑙 = 𝑦𝑦𝑙𝑙 − 𝑦𝑦�𝑂𝑂𝐿𝐿𝐸𝐸,𝑙𝑙

𝑙𝑙   (10) 

where: 

𝑒𝑒𝑂𝑂𝐿𝐿𝐸𝐸,𝑙𝑙
𝑙𝑙 ………………..the residual in the regression model counted by ordinary least squares 

regression for the 𝑖𝑖th combination of inputs for municipal unit 𝑚𝑚 [-], 

𝑦𝑦𝑙𝑙………………….reference value of public transport service connections in the municipal 
unit 𝑚𝑚 within a defined time unit [-], 

𝑦𝑦�𝑂𝑂𝐿𝐿𝐸𝐸,𝑙𝑙
𝑙𝑙  ………….........predicted value of public transport service connection in municipal unit 

𝑚𝑚  within defined time unit counted by the ordinary least squares 
regression for the 𝑖𝑖th combination of inputs [-]. 

The next phase is including the robust regression which deals in outliers in data inputs. The 
robust regression has several methods, the LTS method will be used in this case. The LTS 
method needs the information about the outlier count in the observation data. This count is 
represented by the trimming constant 𝑟𝑟. The outliers count is obtained by testing of studentized 
residuals of each observation. Afterwards the trimming constant 𝑟𝑟 is set as accrding to the 
formula (11). 

𝑟𝑟𝑙𝑙 = 𝑛𝑛 − 𝜌𝜌𝑙𝑙  (11) 

where: 

𝑟𝑟𝑙𝑙 ……………….trimming constant, the number of municipal units included in particular 
subsets 𝛾𝛾  of the minimization criterion of LTS method for the 𝑖𝑖 th 
combination of inputs, 𝑟𝑟 ∈ 〈1; 𝑛𝑛〉 ∧ 𝑟𝑟 ∈ ℕ [-], 

𝑛𝑛……………….the count of municipal units included to the model, 𝑛𝑛 ≥ 1 ∧ 𝑛𝑛 ∈ ℕ [-], 

𝜌𝜌𝑙𝑙 ……………….the count of outliers obtained by the studentized residuals for the 𝑖𝑖 th 
combination of inputs, 𝜌𝜌𝑙𝑙 ∈ 〈1; 𝑛𝑛 − 2〉 ∧ 𝜌𝜌𝑙𝑙 ∈ ℕ [-]. 

Afterwards the subsets 𝛾𝛾 are created for each 𝑖𝑖th combination of inputs. For each combination 
of subset 𝛾𝛾 and input combination 𝑖𝑖 the vector of the estimations of the regression coefficient 
𝑐𝑐 is counted according to the formula (12). 

𝐗𝐗�𝜸𝜸
𝒏𝒏 = �𝐗𝐗𝜸𝜸

𝒏𝒏 T𝐗𝐗𝜸𝜸
𝒏𝒏 �

−1
𝐗𝐗𝜸𝜸

𝒏𝒏 T𝐲𝐲𝜸𝜸 (12) 

where: 

𝐗𝐗�𝜸𝜸
𝒏𝒏 ........................vector of the estimations of the regression coefficient 𝑐𝑐  consisting of 𝑝𝑝 

dimensions numerated by ridge regression for the subset 𝛾𝛾  for the 𝑖𝑖 th 
combination of inputs [-], 

𝐗𝐗𝜸𝜸
𝒏𝒏 ........................matrix of independent variables of the (𝑟𝑟𝑙𝑙 × 𝑝𝑝)  dimensions for the 𝑖𝑖 th 

combination of inputs containing only such municipal units 𝑚𝑚 that were 
included in the subset 𝛾𝛾 [-], 

𝐲𝐲𝜸𝜸……………….vector of reference values of public transport service connections within a 
defined time unit consisting of 𝑟𝑟𝑙𝑙  dimensions containing only such 
municipal units 𝑚𝑚 that were included in the subset 𝛾𝛾 [-]. 
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Based on vector 𝐗𝐗�𝜸𝜸
𝒏𝒏  the values of 𝑦𝑦�𝛾𝛾,𝑙𝑙

𝑙𝑙  and 𝑒𝑒𝛾𝛾,𝑙𝑙
𝑙𝑙  with the usage of analogies to formulas (4) and 

(10). For each subset 𝛾𝛾 the ordinal order of second powers of the resiudals 𝑒𝑒𝛾𝛾,𝑙𝑙
�𝑙𝑙𝛾𝛾

𝑟𝑟 �  for each 
municipal unit included in such subset 𝛾𝛾 is set. The order is then used in LTS method as 
described in the subchapter 3.2.2. Once the optimal subset 𝛾𝛾𝑐𝑐𝑝𝑝𝑡𝑡 is identified, matching vector 
𝐗𝐗�𝒏𝒏

𝐋𝐋𝐓𝐓𝐋𝐋 is found and this vector is used to count the vector 𝐲𝐲�𝒏𝒏
𝐋𝐋𝐓𝐓𝐋𝐋 as described in formula (13). 

𝐲𝐲�𝒏𝒏
𝐋𝐋𝐓𝐓𝐋𝐋 = 𝐗𝐗𝒏𝒏𝐗𝐗�𝒏𝒏

𝐋𝐋𝐓𝐓𝐋𝐋 (13) 

where: 

𝐲𝐲�𝒏𝒏
𝐋𝐋𝐓𝐓𝐋𝐋…………….vector of the predicted values of public transport service connections within 

defined time unit consisting of 𝑛𝑛 dimensions counted by the LTS method of robust regression 
for the 𝑖𝑖 −th combination of inputs [-], 

𝐗𝐗𝒏𝒏 ………………matrix of independent variables of the (𝑛𝑛 × 𝑝𝑝)  dimensions for the 𝑖𝑖 th 
combination of inputs consisting of  𝑛𝑛 dimensions [-], 

𝐗𝐗�𝒏𝒏
𝐋𝐋𝐓𝐓𝐋𝐋 …………….vector of the estimations of the regression coefficient 𝑐𝑐  consisting of 𝑝𝑝 

dimensions counted by the LTS method of robust regression for the 𝑖𝑖th 
combination of inputs [-]. 

The valuables of 𝑦𝑦�𝐿𝐿𝐿𝐿𝐸𝐸,𝑙𝑙
𝑙𝑙  and 𝑒𝑒𝐿𝐿𝐿𝐿𝐸𝐸,𝑙𝑙

𝑙𝑙  can be counted afterwards with the usage of analogies to 
formulas (4) and (10). The calculation follows by calculating the residual sum of squares for 
each 𝑖𝑖th combination of inputs as shown in formula (14). 

𝑅𝑅𝑅𝑅𝑅𝑅𝑙𝑙
𝐿𝐿𝐿𝐿𝐸𝐸 = ∑ 𝑒𝑒𝐿𝐿𝐿𝐿𝐸𝐸,𝑙𝑙

𝑙𝑙 2𝑛𝑛
𝑙𝑙=1
𝑙𝑙∈𝑈𝑈𝑟𝑟

= ∑ �𝑦𝑦𝑙𝑙 − 𝑦𝑦�𝐿𝐿𝐿𝐿𝐸𝐸,𝑙𝑙
𝑙𝑙 �

2𝑛𝑛
𝑙𝑙=1
𝑙𝑙∈𝑈𝑈𝑟𝑟

(14) 

where: 

𝑅𝑅𝑅𝑅𝑅𝑅𝑙𝑙
𝐿𝐿𝐿𝐿𝐸𝐸………….residual sum of squares for the 𝑖𝑖th combination of inputs constructed only 

for such municipal units 𝑚𝑚 that are included in the optimum subset 𝛾𝛾𝑐𝑐𝑝𝑝𝑡𝑡 [-], 

𝑚𝑚……………….identifier of particular municipal unit, 𝑚𝑚 ∈ 〈1; 𝑛𝑛〉 ∧ 𝑚𝑚 ∈ ℕ [-], 

𝑈𝑈𝑙𝑙………………..set of municipal units 𝑚𝑚 that are included in the optimum subset 𝛾𝛾𝑐𝑐𝑝𝑝𝑡𝑡 of the 
robust regression LTS method for the 𝑖𝑖th combination of inputs [-], 

𝑛𝑛…………………total count of municipal units in the analyzed region, 𝑛𝑛 ≥ 1 ∧ 𝑛𝑛 ∈ ℕ [-], 

𝑒𝑒𝐿𝐿𝐿𝐿𝐸𝐸,𝑙𝑙
𝑙𝑙 ……………..the residual for the municipal unit 𝑚𝑚 in the model counted only for such 

municipal units 𝑚𝑚  that were included in the optimum subset 𝛾𝛾𝑐𝑐𝑝𝑝𝑡𝑡 of the robust regression LTS 
method for the 𝑖𝑖 −th combination of inputs [-], 

𝑦𝑦𝑙𝑙……………….reference value of public transport service connections in the municipal unit 
𝑚𝑚 within a defined time unit [-], 

𝑦𝑦�𝐿𝐿𝐿𝐿𝐸𝐸,𝑙𝑙
𝑙𝑙 ……………..predicted value of public transport service connections in municipal unit 𝑚𝑚 

within defined time unit counted by the robust regression LTS method for the 𝑖𝑖th combination 
of inputs [-]. 

Once all the 𝑅𝑅𝑅𝑅𝑅𝑅𝑙𝑙
𝐿𝐿𝐿𝐿𝐸𝐸 counted the minimum value of 𝑅𝑅𝑅𝑅𝑅𝑅𝑙𝑙

𝐿𝐿𝐿𝐿𝐸𝐸 for each set 𝜃𝜃𝜁𝜁 can be found. The 
sets 𝜃𝜃𝜁𝜁  are defined for each defined limit value 𝜁𝜁. Finding the 𝑖𝑖th combination with lowest 
𝑅𝑅𝑅𝑅𝑅𝑅𝑙𝑙

𝐿𝐿𝐿𝐿𝐸𝐸  in each set 𝜃𝜃𝜁𝜁  allows the user to introduce the final optimum combination of limit 
values 𝜁𝜁𝑐𝑐𝑝𝑝𝑡𝑡. The LTS method is counted once again for the optimum limit values 𝜁𝜁𝑐𝑐𝑝𝑝𝑡𝑡 that 
create the matrix 𝐗𝐗𝛇𝛇𝐨𝐨𝐨𝐨𝐨𝐨 , the outcome of the calculation is new vector 𝐗𝐗�𝛇𝛇𝐨𝐨𝐨𝐨𝐨𝐨

𝐋𝐋𝐓𝐓𝐋𝐋 . 
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The statistical 𝑡𝑡 test follows up to identify the variables with statistically significant influence. 
After carrying out the 𝑡𝑡  tests the set of 𝑉𝑉  that includes 𝑣𝑣  values which represent all the 
variables that their statistically significant influence wasn’t proven. Afterwards new matrix 
𝐗𝐗𝐨𝐨𝐨𝐨𝐨𝐨  that replaces the matrix 𝐗𝐗𝛇𝛇𝐨𝐨𝐨𝐨𝐨𝐨  in upcoming formulas is created, the rules for 𝐗𝐗𝐨𝐨𝐨𝐨𝐨𝐨  are 
described clearly in the formula (15). 

𝐗𝐗𝐨𝐨𝐨𝐨𝐨𝐨 = �𝑋𝑋𝑗𝑗
𝑙𝑙� for ∀ 𝑗𝑗 ∈ 𝑄𝑄 ∧  𝑗𝑗 ∉ 𝑉𝑉 ∧ for ∀ 𝑚𝑚 (15) 

where: 

𝐗𝐗𝐨𝐨𝐨𝐨𝐨𝐨 ……………….matrix of the final values of input independent variables with proven 
statistically significant influence on the final count of the public transport 
service connections within a defined time unit of the 
[𝑛𝑛 × (𝑝𝑝 − 𝑣𝑣)] [-], 

𝑋𝑋𝑗𝑗
𝑙𝑙…………………the value of 𝑗𝑗 −th input for the municipal unit 𝑚𝑚 [-], 

𝑗𝑗……………………identifier of particular input independent variable, 𝑗𝑗 ∈ 〈1; 𝑘𝑘〉 ∧ 𝑗𝑗 ∈ ℕ [-], 

𝑄𝑄………………......the set of input variables 𝑗𝑗 that are included in the matrix 𝐗𝐗𝛇𝛇𝐨𝐨𝐨𝐨𝐨𝐨  that is 
compliant with optimum limit values 𝜁𝜁𝑐𝑐𝑝𝑝𝑡𝑡 [-], 

𝑉𝑉 ………………......the set of input variables  𝑗𝑗  that were proven to have no statistically 
significant influence on the final count of the public transport service 
connections within a defined time unit [-], 

𝑚𝑚 ………………......identifier of particular municipal unit, 𝑚𝑚 ∈ 〈1; 𝑛𝑛〉 ∧ 𝑚𝑚 ∈ ℕ,  where 𝑛𝑛 
(𝑛𝑛 ≥ 1 ∧ 𝑛𝑛 ∈ ℕ) is total count of municipal units in the analyzed region [-
]. 

Analogically to formula (15) the matrix 𝐗𝐗𝐋𝐋𝐓𝐓𝐋𝐋
𝐨𝐨𝐨𝐨𝐨𝐨  is created. This matrix has same characteristics, 

but only 𝑚𝑚 ∈ 𝑈𝑈𝜁𝜁𝑜𝑜𝑝𝑝𝑜𝑜  are included. 𝑈𝑈𝜁𝜁𝑜𝑜𝑝𝑝𝑜𝑜  is the set of municipal units that are included in the 
optimum subset 𝛾𝛾𝑐𝑐𝑝𝑝𝑡𝑡. 

The ridge regression is included in the third phase. The ridge regression manages the problem 
of multicollinearity that occurs in the input data vectors. The ridge regression constant λ is 
counted by the leave-one-out version of generalized cross-validation. The ridge regression is 
then carried out using the formulas (6) and (7). Final values of the predicted values of public 
transport service connections in municipal units 𝑚𝑚  within defined time unit is counted 
according to formula (16). 

𝑦𝑦�𝑥𝑥𝑥𝑥
𝑙𝑙 = �̂�𝑐0

𝑥𝑥𝑥𝑥 + ∑ �̂�𝑐𝑗𝑗
𝑥𝑥𝑥𝑥 × 𝑋𝑋𝑗𝑗

𝑙𝑙𝑘𝑘
𝑗𝑗=1
𝑗𝑗∉𝑉𝑉

  (16) 

where: 

𝑦𝑦�𝑥𝑥𝑥𝑥
𝑙𝑙  …………………predicted value of public transport service connections in municipal unit 

𝑚𝑚 within defined time unit counted by the ridge regression [-], 

�̂�𝑐0
𝑥𝑥𝑥𝑥…………………the estimation of the intercept term counted by the ridge regression [-], 

𝑗𝑗…………………….identifier of particular input independent variable, 𝑗𝑗 ∈ 〈1; 𝑘𝑘〉 ∧ 𝑗𝑗 ∈ ℕ [-], 

𝑉𝑉 ……………………the set of input variables  𝑗𝑗  that were proven to have no statistically 
significant influence on the final count of the public transport service 
connections within a defined time unit [-], 

𝑘𝑘…………………….regression parameters count, 𝑘𝑘 ≥ 1 ∧ 𝑘𝑘 ∈ ℕ [-], 
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�̂�𝑐𝑗𝑗
𝑥𝑥𝑥𝑥………………….the estimation of the regression coefficient of 𝑗𝑗th independent variable 

counted by the ridge regression [-], 

𝑋𝑋𝑗𝑗
𝑙𝑙…………………..the value of 𝑗𝑗th input for the municipal unit 𝑚𝑚 [-]. 

The value 𝑦𝑦�𝑥𝑥𝑥𝑥
𝑙𝑙  as the result of formula (16) represents the main outcome from the model. The 

residual 𝑒𝑒𝑥𝑥𝑥𝑥
𝑙𝑙  shall be counted afterwards by using the analogy of formula (10). 

The model optimization is based on the multiply linear regression and ordinary least squares 
method, however it is adapted to the need to reflect the real state of different factors that 
determine public transportation services in analyzed region. The model is robust enough to 
prevent outliers from spoiling the outcome data and ridge regression removes ominous 
influence of the unavoidable multicollinearity. 

4.2.5  Model assessment 
The statistical model is subject to tests of statistical credibility afterwards, the adjusted index 
of determination is counted as well as t tests and F test are carried out. 
The second phase of this step is critical assessment of the model and models comparison with 
the assumptions and experience. The critical assessment may lead to identification of new factor 
that was omitted when the first set of public transport determining factors were firstly set. 
In case that statistical verification is negative or the logical assessment leads to such 
discrepancies that cause serious doubts about the models credibility it can lead to rejecting all 
the models outcome. 

4.2.6  Outcomes interpretation 
Final part of the methodology is the outcomes interpretation, the verbal explanation of values 
from the model leads to understanding the real importance of the outcomes and also it sketches 
the logical bonds in the model. The degree of influence of each factor can be counted for each 
municipal unit. Also, the residuals shall be discussed, and the larger residuals explained. 

4.2.7  Methodology scheme 
The schematic representation of the methodology of the evaluation of the extent of public 
transport services in certain municipality units within a region with the usage of a mathematical-
statistical model of public transport services connection count prediction is provided in the 
Figure 1. The scheme shows basic structure of the methodology, it doesn’t cover all the details, 
only main steps. The scheme includes the connection to the subchapters that describe particular 
step of the methodology in wider details. 
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Figure 1 Schematic representation of the methodology (author) 

4.3    Methodology application 

Within the scope of the doctoral thesis the methodology was applied on a real data from chosen 
region of the Czech Republic. The application was carried out on the data from the district of 
Ústí nad Labem in northwest part of the Czech Republic in the Ústecký region. The 
methodology used the data updated to 1 August 2019. The acceptable walking distance was set 
to 1 km. According to Czech Statistical Office 207 basic municipal units were identified, out 
of them 97 were parts of the regional center of Ústí nad Labem. After the analysis 95 municipal 
units enter the model. Out of the 95 municipal units, the outcomes for 15 chosen municipal 
units is presented in Table 2. 
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Table 2 Final estimations of the public transport services connection counts in chosen municipal 
units 𝑚𝑚  and the residuald of these estimations including the comparison with reference state 

𝑚𝑚 Municipal unit 

Reference count of 
public transport 

services connection 
𝑦𝑦𝑙𝑙 

The estimation of the 
public transport 

services connection 
count 𝑦𝑦�𝑥𝑥𝑥𝑥

𝑙𝑙

The residual 𝑒𝑒𝑥𝑥𝑥𝑥
𝑙𝑙

2 Arnultovice 25,0 22,54 2,46 

9 Čeřeniště 5,0 22,42 -17,42 

11 Český Újezd 130,0 108,67 21,33 

12 Dolní Zálezly 46,0 33,63 12,37 

14 Dubice 18,0 27,00 -9,00 

26 Knínice 42,0 37,04 4,96 

32 Libouchec 113,0 75,60 37,40 

37 Lysá 4,0 7,50 -3,50 

52 Ostrov 0,0 7,54 -7,54 

53 Petrovice 40,0 37,53 2,47 

66 Řehlovice 44,0 53,29 -9,29 

67 Řetouň 12,0 7,85 4,15 

68 Sebuzín 68,0 83,48 -15,48 

80 Telnice 29,0 24,39 4,61 

84 Ústí nad Labem 2.498,4 2.374,14 124,26 
Source: Dopravní podnik města Ústí nad Labem (2019), CHAPS and Ministerstvo dopravy ČR 
(2019), SŽDC (2019), author 

The adjusted determination index reaches the value of 88,71 %, that is acceptable. Statistical 

tests approve the credibility of the model. 

5 RESULTS AND DISCUSSION 

In this thesis a methodology of the evaluation of the extent of public transport services in certain 
municipality units within a region with the usage of a mathematical-statistical model of public 
transport services connection count prediction has been proposed. This methodology has been 
proposed based on the results of the analysis of the current situation in the researched area in 
the Czech Republic and abroad in compliance with the findings of the analysis. Public transport 
services are essential for contemporary society, they bring crucial benefits especially in the 
social area and at the same time it’s the only competitive alternative to individual motorism that 
is widely understood as environmentally friendly. Its importance increases in suburb and rural 
areas, where often it is the only possibility to access civic amenities. Public transport services 
aren’t viable on commercial basis in most cases, they have to subsidized through public service 
obligations contracts. The system has long history and in general it’s rather quality system, the 
problem is its regional inconsistency. The issue of the thesis is very actual. 
There are three general areas of usage of the proposed methodology. The first one is the 
practical application on particular regions according to the needs of the competent authorities 
managing public transport services, especially the organizers of integrated transport systems 
and transport responsible at the regions. The usage of such methodology can be very good 
decision supporting tool when deciding about public transport services and their extent. Also, 
it can be useful when defining standard and above-standard level of public transport services. 
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The second are of usage is the field of theoretical transport research for science, it is first tool 
that can help to understand which factors really influence the final extent of public transport 
services. The third area is strongly connected to the second one, it’s the field of education. 
The overview of pros and cons of the methodology follows in the Table 3. 

Table 3 Pros and cons of the methodology 
Pros Cons 

High statistical credibility of the prediction Limits given by the regression 
function 

Stability and logical integrity of the prediction The necessity to discard fully 
linearly dependent input variables 

Models modularity Extreme computation demanding 

Universal applicability Model can’t include all the existing 
factors, such as political ones 

Simplicity of the construction The accessibility and recency of 
input data 

Source: author 

Several ways of future development of the model are to be mentioned: 
1. First area is the implementation of detailed characteristics of included public transport

connections. This could cover their routing (towards the regional center, from the regional 
center, round connection) as well as more accurate time description (peak/off-peak hour). 

2. The second area leads to transforming the model into the normative one. The universal
descriptive model can be easily transformed into normative one that would enable the 
competent authorities to model easily public transport services structure. Normative 
parameters would have to be introduced and implemented. 

3. The third area covers the implementation of socio-economical characteristics that would
enable the weighted comparison of particular regions based on their economical 
productivity. 

In compliance with these three areas of future development there is still vast potential to 
implement new factors to the model and to find mathematical ways of quantification to include 
the factors that are known to determine the public transport service, but there is no known way 
how to transform them into values that could be used as inputs in the model. Also, minor 
simplifications can be done in the model after wider user experience, when it’s obvious that 
certain changes can lead to reducing the complicative manners of the model with only weak 
influence on the results if any influence at all. 

6 AUTHOR’S OWN CONTRIBUTION 

The doctoral thesis brings three major areas of author’s own contribution. First of them is the 
thorough and detailed literature review analyzing both on Czech and foreign literature sources. 
The literature review focuses on public transportation services and their position in context of 
transport in general. The emphasis is put on the importance of public transport services in 
contemporary society, especially from the point of view of social aspects. The stronger accent 
is kept on the area of factors determining public transport services, that is cornerstone of the 
literature review. Also transport policy and the actual political situation in the Czech Republic 
is covered. The literature review is widely used as a base for other research in this scientific 
field. 
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Second major area of author’s contribution is the analysis and choice of particular prognostic 
methods derived from basic liner regression. During the process of methodology creation 
several scientific methods based on regression were tested on particular regions. As the result 
of this analysis author introduces the issue of linear regression, it’s mathematical formulas and 
systematics and its application into practical problem. Considering the characteristic of input 
data the higher penetration of outliers would spoil the outcomes and also refuse the essential 
condition of normal statistical distribution of the residuals, thus robust regression is 
implemented. Several robust regression methods were analyzed and finally the LTS method 
was chosen. The outliers were followed by another problematic issue, the multicollinearity. 
Few methods were tested, among Partial Least Squares, Least Absolute Shrinkage and 
Selection Operator, Best Subset Regression and Ridge Regression the ridge regression was 
chosen because of higher fidelity and credibility, but still ability to interpret the influence of 
particular factors. 
Third major area of author’s contribution is crucial one from the point of view of this doctoral 
thesis and it is designing a methodology of the evaluation of the extent of public transport 
services in certain municipality units within a region with the usage of a mathematical-statistical 
model of public transport services connection count prediction. The methodology leads to 
designing a model, that predicts the estimations of public transport service connection counts 
in particular municipality units in the analyzed region within defined time unit, with high 
credibility. Several control mechanisms are included in the methodology too, these mechanisms 
focus not only on mathematically correct way, but also on the logical connections and critical 
analysis of the outcome. The model is universal decision supporting tool for all public transport 
services organizers. 

7 CONCLUSION 
The public transport in the Czech Republic haven’t fully adapted yet to the complex major 
changes that happened in last 30 years in the structure of national economy and political and 
social life, however dynamical development is already setting new challenges of the social-
cultural as well as economical kind. Its character as social service is emphasized recently, it 
leads to the essential mobility, whole this point is gaining more importance in the future 
prospect in compliance with society aging, living standard growth and paradigm change in the 
relationship to the environment and its harming by the society. 
The aim of this doctoral thesis was designing a methodology of the evaluation of the extent of 
public transport services in certain municipality units within a region with the usage of a 
mathematical-statistical model of public transport services connection count prediction. The 
methodology was designed by the author, described in very detailed way and applied on real 
data from the Ústí nad Labem district. The model which is an outcome from the methodology 
reaches high statistical credibility and it is universally usable. The aim was thoroughly fulfilled. 
Introduced methodology is widely usable as a decision supporting tool for the competent 
authorities responsible for public transport services in each region. At the same time constructed 
model brings valuable information for the theoretical research in the area of transport sciences. 
The scientific work can focus on further development of the model. 
Authors ambition is to use this doctoral thesis as a starting point for wider discussion about the 
importance of public transport services provided in regions of the Czech Republic and complex 
point of view on transport in general, regional disparities and reasons that lead to them, extent 
of public transport services in particular regions and general purpose of public transport services 
supply and its priorities in future development. 
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ABSTRACT 

This work deals with the use of anti-slip control methods for rail vehicles. Initially, to give 
readers a general picture of the research covered in the thesis, the adhesion and slip mechanism 
are explained. Furthermore, the slip detection methods and slip control methods based on the 
literature review are introduced. To verify the validity of the anti-slip control schemes, a 
numerical model of a tram wheel roller rig that includes nonlinear effects caused by time delay 
and disturbances to match the values of the experimental test setup has been generated using 
MATLAB editor. Five wheel slip control strategies -wheel slip control based on single 
threshold (WSCST), wheel slip control based on multiple thresholds (WSCMT), wheel slip 
control based on angular acceleration of wheel (WSCAA), PI wheel slip control (PI-WSC), and 
sliding mode wheel slip control (SM-WSC)- are suggested. In addition to the simulation 
calculations, this work includes an experimental part in which extensive experiments are carried 
out on laboratory test equipment where the anti-slip algorithms are implemented and tested. 
The validity of the developed numerical model is proven with the comparison of the simulation 
and experimental results. The performances of all the wheel slip control methods are evaluated 
by the mathematical model and experimental setup. The influences of different roller speeds 
and control parameters are analysed via validated numeric model. 

KEYWORDS 

adhesion, wheel slip, anti-slip, acceleration, roller rig, control, PMSM, sliding mode. 
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1    INTRODUCTION 

Due to the demand and emerging technologies in the railway sector, more powerful rail vehicles 
have been recently produced. The current development in the power capacity of the vehicles 
drive systems enables them reaching high torques in a short time. The tractive effort of vehicle 
is transferred to the rail in a small contact area that provides the vehicle with an advantage due 
to the lower power losses caused by friction in wheel-rail contact [1]. On the other hand, the 
traction ability of these vehicles is limited to environmental conditions (i.e. rain, snow, leaves 
and mud) and human influences. Besides, the adhesion between wheel and rail decreases with 
the increase of the running speed under contaminated surface conditions [2]. All these factors 
lead the slip of the wheel, which occurs when tractive effort exceeds the available adhesion, 
whereas sliding occurs when the braking effort exceeds the available adhesion. If the slip/slide 
reaches the high value, it causes severe wear of wheel and rail surfaces, increasing mechanical 
stress in the system and affects stability. The presence of high wheel slip is an undesired 
situation resulting in a reduction in the safety, traction performance and wheel-rail lifetime. 

Due to requirements anti-slip, control systems have been developed. In the early age of railway 
transportation, the vehicles were equipped with the sander which improves the adhesion 
conditions. However, the sanding increases 10 to 100 times the wheel and rail wear [1], [3]. 
Thus, new strategies were sought out to be used for rail vehicles. In the late 70s, thanks to the 
rapid development of automatic control strategies and electronic technologies, the 
microprocessors with online processing were used for the detection of wheel slip and torque 
adjustment [4]. The first developed wheel slip control methods are the re-adhesion controller. 
The conventional re-adhesion control methods use the wheel slip speed or acceleration 
criterions to detect wheel slip. The methods do not require exact information of the wheel-rail 
contact condition for wheel slip detection and compensation of poor adhesion [4]. However, 
such strategies do not stop the wheel slip formation but suppress it. Due to the requirements of 
the trains hauled by locomotives, more advanced wheel slip control strategies are developed. 
The methods aim to stabilise the wheel slip at the peak of the slip curve to establish the optimum 
utilisation of the adhesion characteristic. Although there is a vast amount of literature on both 
re-adhesion and wheel slip control strategies, there is still a need for further investigations. 

1.1    Purpose of the thesis 

The basic premises of this study are summarised as follows: 

(i) Summarising a large number of published studies on the wheel slip, adhesion and slip 
control methods. 

(ii) Reproducing a numerical model of the tram wheel roller rig in MATLAB environment 
that can be used for performance evaluation of the wheel slip control strategies. 

(iii) Proposing algorithms to control the wheel slip mechanism and establishing optimum 
utilisation of adhesion. 

(iv) Validation of reproduced numeric model. 

(v) Verifying the functionality of proposed wheel slip control algorithms by either the 
validated numerical model or experimentally obtained results from the tram wheel roller rig. 
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(vi) Performance evaluation of the proposed wheel slip control algorithms with different 
speeds and control parameters. 

2 THEORETICAL BACKGROUND 

2.1    Adhesion Phenomenon 

The coefficient of the adhesion is usually represented by the ratio of the traction force (T) and 
the normal force (N). The free body diagram of a driven wheel is presented in Figure 1, while 
the coefficient of the adhesion can be calculated using Eq. 1. 

Figure 1. The forces and velocities acting on a driven wheel. 

𝜇𝜇 = 𝐿𝐿
𝑁𝑁

  Eq. 1 

where T is traction force, N is normal load force, and µ is the coefficient of adhesion. The loss 
of adhesion between wheel and rail can adversely influence the traction and braking effort of 
the vehicles. As it is mentioned below, poor adhesion causes wheel slip during the traction 
process and leads to the damage of wheel and rail [5]. Recently, various approaches have been 
proposed to outline the reasons for the loss of the adhesion [2], [6]–[9]. Overall, these studies 
show that the loss of adhesion may occur due to the presence of water (rain, snow, dew), oil, 
and leaf contaminants. Moreover, the temperature is another factor which influences the 
adhesion. 

2.2 Slip Phenomena 

The most common definition of the wheel slip in the railway area is the normalised difference 
of the angular and longitudinal velocities of the vehicle. The wheel slip occurs when the tractive 
effort of the vehicle exceeds the adhesion force, whereas sliding occurs when the braking force 
exceeds the adhesion force. 
The adhesion is defined as a function of the slip at the contact point of the wheel and rail [10]. 
The slip velocity and relative slip (hereinafter is referred to as wheel slip) can be calculated 
using the Eq. 2 and Eq. 3 as given below. 

𝑒𝑒𝑐𝑐 = 𝜔𝜔 ∙ 𝑟𝑟𝑤𝑤 − 𝑣𝑣𝑡𝑡  Eq. 2 

𝑐𝑐 = 𝜔𝜔∙𝑟𝑟𝑤𝑤 −𝑣𝑣𝑜𝑜
𝑣𝑣𝑜𝑜 

  Eq. 3 
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where ws is slip speed, vt is the vehicle longitudinal speed, ω is the wheel rotational speed, rw 
is wheel radius, and s is the wheel slip. 

2.2.1 Problem formulation 

A certain amount of wheel slip is required to transfer the tractive effort from the wheel to 
the rail. As it is illustrated in Figure 2, the slip curve has a nonlinear characteristic. The area on 
the left side of the peak of the slip curve is called adhesion zone while the one on the right 
side of the peak is the slip zone. The adhesion zone is stable, and adhesion proportionally 
increases with the wheel slip. On the other hand, the slip zone is nonstable part of the curve, 
and adhesion decreases when the wheel slip increases. Most of the wheel slip control 
methods aim to keep the slip in the stable part of the curve. While the main goals of the 
optimisation methods are to control the slip toward the peak of the curve where the maximum 
traction effort is achieved at [11]. Therefore, in this study, conventional and novel wheel 
slip control strategies are implemented to control the wheel slip toward the peak of the slip 
curve. The operation zone of the controllers is limited with the stable and the unstable 
parts of the slip curve near the maximum point [1]. 

Figure 2. Slip-adhesion curve illustrating the characteristic of CoA under dry and wet contact 
conditions. 

2.3    Wheel Slip Identification Methods 

The most common wheel slip identification methods are summarised as follows: 

• Current-based wheel slip detection of the all-wheel driving vehicle [12]
• Using the speed difference of driven and non-driven wheels [13].
• Method based time-frequency analysis [14]
• Linear, nonlinear and Kalman filters [15], [16].
• Nonlinear observers [17], [18].
• Using global positioning Systems (GPS) [19].
• Use of the optical-based sensor [20].

2.4    Wheel Slip Control Methods 

Recently, various wheel slip control methods have been put forward to solve the issue of high 
slip between the wheel and rail. Pichlík [13] classified the wheel slip control method in two 
categories which are used for the electric multiple units (EMU) and the locomotives. According 
to Pichlík, the wheel slip control methods that are used in EMU aim to prevent the high value 
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of slip velocity; thus, these methods reduce the power loses and wear of the vehicle wheels and 
rails. The wheel slip control methods for locomotive aim to achieve maximum adhesion rather 
than preventing the wheel slip [13]. Kondo explains the reason for this classification due to axle 
loads of the EMU and locomotive [21]. Since the axle loads of the EMU is lower than the 
locomotive, the adhesive region is too narrow to control the adhesion at the peak of the slip 
curve precisely. The wheel slip control methods for EMU and locomotives are the main interest 
of this work. Therefore, the current work deals with wheel slip control algorithms in general. 
Frylmark and Johnsson have summarised the most common wheel slip control methods, as 
indicated in Figure 3 [11]: 

Figure 3. The wheel slip control strategies [11]. 

Besides the strategies mentioned above, angular acceleration-based control methods and PID 
(proportional, integral and derivative) control methods are some of the other control strategies 
used for the slip control. The basic principles of the mentioned methods are described in the 
following sections. The further details are available in the thesis. 

3   METHODS AND METHODOLOGY 
Performing on-track tests of railway vehicles are challenging, time-consuming and less cost 
effective. In keeping with the purpose of the study, the whole vehicle can be reduced to one 
powered bogie or a single wheelset [22]. Since the dynamics of the drive system are the main 
interest, a full-scale tram wheel roller rig is used for validation of the control algorithms. For 
experimental tests, the vehicle is replaced by a tram wheel that is connected to a permanent 
magnet synchronous motor with the rail being replaced by a roller connected to an 
asynchronous motor. These substitutions differ from the actual case. More detailed information 
about the replacements and their effects are presented by Voltr [23] and Gerlici et al. [24]. 
In this thesis, the performances of the wheel slip control algorithms are investigated using a 
full-scale tram wheel roller rig and its numerical model that is generated in MATLAB editor.  

3.1    Experimental setup 
The experiments are performed on the tram wheel roller rig, which was constructed by VÚKV 
(Výzkum, Vývoj a Zkušebnictví Kolejových Vozidel) and was renewed by the Faculty of 
Transport Engineering for further research. The tram wheel roller rig is composed of three main 
parts; a tram wheel, a roller, and a mainframe. The roller, which is manufactured from a railway 
wagon wheel, represents the rotating rail [25]. The roller is connected to the AM, which keeps 
the system at a constant speed by providing opposing torque. A schematic view and photos of 
the full-scale tram wheel roller rig are presented in Figure 4 and Figure 5, respectively. The 
details about the experimental test stand are provided in the thesis. 
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Figure 4. Schematic view of full-scale tram wheel roller rig measurement configuration [26]. 

Figure 5. The full-scale tram wheel roller rig [22],[27]. 

3.2    The Numerical Model of Tram Wheel Roller Rig 

In order to evaluate the performance of the developed wheel slip control methods, a numerical 
model representing the tram wheel roller rig has been generated in the MATLAB environment. 
The numerical model consists of five main components: the mechanical model of the torsional 
system, the dynamic model of the PMSM, dynamic model of the AM, the Freibauer/Polach 
adhesion force model, and the anti-slip control model. All the components of the numerical 
model are explained in detail in the thesis. The finite difference method is used for the 
calculation of the dynamic equations. The step time of integration is selected as 20 𝜇𝜇𝑐𝑐  to 
guarantee the accuracy of the calculations. However, the control action of the anti-slip control 
model is limited to the period of 0.04 ms to simulate the control action of the controller in the 
real tram wheel roller rig. The complete structure of the developed numerical model tram wheel 
roller rig is depicted in Figure 6.  
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Figure 6. Complete structure of developed numerical model of tram wheel roller rig. 

4    DEVELOPED WHEEL SLIP CONTROL METHODS 
4.1    Wheel slip control based on a Single Treshold 

The wheel slip control based on a single threshold (WSCST) is a conventional method. The 
principle of the method is illustrated graphically in Figure 7. The actual value of wheel slip is 
compared with a constant threshold value. If actual wheel slip exceeds the threshold value, the 
controller regulates the applied torque according to Eq.4. The block diagram of the 
controller is depicted in Figure 8. The output of the torque regulator is limited to prevent 
excessive torque increase. The output torque request of the limiter is compared with 
the driver torque request. The smaller torque request is selected as control torque. 

Figure 7. Wheel slip detection and torque regulation for WSCST. 

𝑇𝑇𝑟𝑟𝑒𝑒𝑓𝑓
∗ = �

𝑇𝑇𝑐𝑐𝑐𝑐𝑛𝑛𝑡𝑡 (1 − 𝑛𝑛𝑡𝑡
𝐴𝐴𝑑𝑑𝑒𝑒𝑐𝑐

), 𝑐𝑐𝑛𝑛𝑐𝑐𝑡𝑡 ≥ 𝑐𝑐𝑡𝑡ℎ

𝑇𝑇𝑐𝑐𝑐𝑐𝑛𝑛𝑡𝑡 (1 + 𝑛𝑛𝑡𝑡
𝐴𝐴𝑟𝑟𝑟𝑟𝑐𝑐

), 𝑐𝑐𝑛𝑛𝑐𝑐𝑡𝑡 < 𝑐𝑐𝑡𝑡ℎ
Eq. 4 

where Tref
* is the reference torque output of the controller, Tcont is the final output torque request, 

dt is the resolution time of speed sensor, Adec is the control parameter which determines the 
deceleration rate of torque, Ainc is the control parameter which determines the increment rate of 
the torque, sth is the slip threshold value, and sact is the actual wheel slip occurs between the 
wheel and the roller. 
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Figure 8. Block diagram of WSCST. 

3.2 Wheel Slip Control Based on Multiple Thresholds 

Wheel slip control based on multiple thresholds (WSCMT) is an improved version of the 
abovementioned method (WSCST). To prevent extreme torque drop and increase, two threshold values 
are employed. Both threshold values are assigned in the stable part of the slip curve. The control 
action of the developed control is illustrated graphically in Figure 9. The torque regulation of the 
motor is provided by Eq. 5. The WSCMT is expected to provide less wheel slip and better adhesion 
utilisation than the WSCST. 

Figure 9. Wheel slip detection and torque regulation with multiple threshold values. 

𝑇𝑇𝑟𝑟𝑒𝑒𝑓𝑓
∗ =

⎩
⎨

⎧ 𝑇𝑇𝑐𝑐𝑐𝑐𝑛𝑛𝑡𝑡 (1 − 𝑛𝑛𝑡𝑡
𝐴𝐴𝑑𝑑𝑒𝑒𝑐𝑐

), 𝑐𝑐𝑛𝑛𝑐𝑐𝑡𝑡 ≥ 𝑐𝑐𝑡𝑡ℎ2

𝑇𝑇𝑐𝑐𝑐𝑐𝑛𝑛𝑡𝑡 ,  𝑐𝑐𝑡𝑡ℎ1 ≤ 𝑐𝑐𝑛𝑛𝑐𝑐𝑡𝑡 ≤ 𝑐𝑐𝑡𝑡ℎ2

𝑇𝑇𝑐𝑐𝑐𝑐𝑛𝑛𝑡𝑡 (1 + 𝑛𝑛𝑡𝑡
𝐴𝐴𝑟𝑟𝑟𝑟𝑐𝑐

), 𝑐𝑐𝑛𝑛𝑐𝑐𝑡𝑡 < 𝑐𝑐𝑡𝑡ℎ1

 Eq.5 

where sth1 is the first threshold value, and sth2 is the second threshold value. 

4.3    Wheel Slip Control Based on Angular Acceleration of Wheel 

The wheel slip control based on the angular acceleration of wheel (WSCAA) is a conventional 
method. It is based on the principle that the angular acceleration of a vehicle wheel, provided 
that it rolls without slip, is equal to linear acceleration of the vehicle divided by the wheel radius. 
The acceleration of the vehicle is limited by the inertia of the vehicle and the traction force. If 
the wheel shows higher angular acceleration than what corresponds to this limit, it means that 
it accelerates independently of the vehicle motion – in other words, it slips. 
The control action WSCAA is summarised in Figure 10. The wheel slip is detected through 
comparison of actual angular acceleration and the threshold value of the acceleration. When the 
actual value of acceleration exceeds the threshold value, the controller reduces toque request 
according to Eq.6 until it becomes lower than the threshold. Then, 
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the torque request rises again. The action of the controller takes place periodically until the bad 
contact conditions disappear. 

Figure 10. Wheel slip detection and torque regulation of WSCAA 

𝑇𝑇𝑟𝑟𝑒𝑒𝑓𝑓
∗ = �

𝑇𝑇𝑐𝑐𝑐𝑐𝑛𝑛𝑡𝑡 (1 − 𝑛𝑛𝑡𝑡
𝐴𝐴𝑑𝑑𝑒𝑒𝑐𝑐

), 𝛼𝛼𝑛𝑛𝑐𝑐𝑡𝑡 ≥ 𝛼𝛼𝑡𝑡ℎ || 𝛼𝛼𝑛𝑛𝑐𝑐𝑡𝑡 ≤ −𝛼𝛼𝑡𝑡ℎ

𝑇𝑇𝑐𝑐𝑐𝑐𝑛𝑛𝑡𝑡 (1 + 𝑛𝑛𝑡𝑡
𝐴𝐴𝑟𝑟𝑟𝑟𝑐𝑐

), 𝛼𝛼𝑛𝑛𝑐𝑐𝑡𝑡 < 𝛼𝛼𝑡𝑡ℎ|| 𝛼𝛼𝑛𝑛𝑐𝑐𝑡𝑡 ≥ −𝛼𝛼𝑡𝑡ℎ
Eq. 6 

where αact is the actual angular acceleration of the wheel and αth is the threshold value of 
angular acceleration for the wheel slip detection. 

4.4    PI Wheel Slip Control 

The PI control strategy is widely used for industrial applications. The PI controller can be used 
for the rail vehicles to control wheel slip and improve their traction performance. For effective 
control, a reference slip value that is close to the peak of the slip curve can be chosen as a 
control signal. It is also essential that the selected reference wheel slip value is on the stable 
side of the slip curve. 

The discrete time form of a PI controller is expressed as in Eq. 7. 

𝑢𝑢(𝑘𝑘) = 𝑢𝑢(𝑘𝑘 − 1) + 𝐾𝐾𝑝𝑝�𝑒𝑒(𝑘𝑘) − 𝑒𝑒(𝑘𝑘 − 1)� + 𝐾𝐾𝑙𝑙𝑒𝑒(𝑘𝑘) Eq. 7 

where u is the output torque of the controller, Kp is the proportional gain of the controller, Ki is 
the integral gain of the controller, k is the iterative step, e is the error between the actual wheel 
slip and desired wheel slip. The error is calculated, as shown in Eq. 8.

𝑒𝑒(𝑘𝑘) = 𝑐𝑐𝑛𝑛 − 𝑐𝑐𝑛𝑛𝑐𝑐𝑡𝑡(𝑘𝑘) Eq. 8 

where sd is the desired wheel slip value, and sact is the actual wheel slip value. 

The block diagram of the PI wheel slip control method (PI-WSC) is provided in Figure 11. 
The difference between the desired wheel slip and actual wheel slip (error) is calculated first 
and then sent to the PI torque regulator as an input signal. The PI torque controller 
regulates the torque applied to wheel according to the error signal. 
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Figure 11. Block diagram for PI-WSC. 

4.5    Sliding Mode Wheel Slip Control 

The sliding mode controller (SMC) has been widely-studied for vehicle control systems 
because of certain advantages [33]–[35]. The controller is an attractive robust control method 
with effective properties to stabilise nonlinear and uncertain systems. The controller keeps the 
systems insensitive to uncertainties on a sliding surface. Moreover, the SMC has good and 
rapid transient performance [36]. 
The sliding mode wheel slip controller (SM-WSC) is designed in two steps. In the first step, 
the sliding surface is defined to obtain specific desired characteristics along the sliding surface 
trajectories. Next, the controller is designed to lead the system to the desired system 
trajectories within a finite time. 
The sliding surface S(t) for the design of the adaptive sliding mode torque control systems is 
defined as follows: 

𝑅𝑅(𝑡𝑡) = 𝑐𝑐 − 𝑐𝑐𝑛𝑛  Eq. 9 

The main objective of Eq. 9 is to track the desired wheel slip ratio (sd) that is given as an 
input to the system, based on experience from previous experimental measurements. In order 
to satisfy the reachability conditions directing the system trajectories toward a sliding 
surface where they remain, the derivative of the sliding surface is selected as Eq. 10 [37], 
[38]: �̇�𝑅 = −𝐷𝐷𝑅𝑅 − 𝐾𝐾 ∙ 𝑐𝑐𝐼𝐼𝑛𝑛(𝑅𝑅) = −𝐷𝐷(𝑐𝑐 − 𝑐𝑐𝑛𝑛 ) − 𝐾𝐾 ∙ 𝑐𝑐𝐼𝐼𝑛𝑛(𝑐𝑐 − 𝑐𝑐𝑛𝑛 ) Eq. 10 

where the proportional term-DS forces the system state to approach the sliding surface faster 
when the sliding surface has a significant value [33]. The parameters D and K are positive 
definite design parameters. D determines the convergence rate of the tracking error, while K is 
adjusted in compliance with the number of uncertainties and the disturbance in the system. 

The sgn function in Eq. 10 results in a chattering issue because of undesired noise and delays 
in the actuator. For this reason, the sgn function is replaced with a saturation function [39]. 
Nevertheless, a lowpass filter is implemented to overcome the high-frequency chattering 
problem in the system, which is basically to stabilise the algorithm. 

The sliding mode control law is designed in the following steps, according to Eq. 10. 

The wheel slip dynamics during acceleration obtained by taking the time derivative of Eq.3. 

�̇�𝑐 = 𝑟𝑟𝑤𝑤
𝜔𝜔�̇�𝑤

𝑟𝑟𝑟𝑟 |𝜔𝜔𝑟𝑟 |
− 𝑟𝑟𝑤𝑤

𝜔𝜔𝑤𝑤 |𝜔𝜔𝑟𝑟 |̇
𝑟𝑟𝑟𝑟 𝜔𝜔𝑟𝑟 

2
   Eq. 11 
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The relationship between the wheel slip dynamic and forces at the contact point is shown in 
Eq. 11. 

�̇�𝑐 = 𝑟𝑟𝑤𝑤
−𝑇𝑇𝑤𝑤 − 𝑟𝑟𝑤𝑤 𝐹𝐹𝑛𝑛𝑛𝑛ℎ 

𝐽𝐽𝑤𝑤 𝑟𝑟𝑟𝑟 |𝜔𝜔𝑟𝑟 |
− 𝑟𝑟𝑤𝑤

𝜔𝜔𝑤𝑤 |𝜔𝜔𝑟𝑟 |̇
𝑟𝑟𝑟𝑟 𝜔𝜔𝑟𝑟 

2 + 𝑑𝑑 Eq. 12 

where d is disturbance due to vibration in the system, driving resistances and parameter 
uncertainties. 

By taking the time difference of the sliding surface in Eq. 9, and substituting Eq. 10 and Eq. 
12, the following sliding law control torque can be achieved: 

𝑇𝑇𝑝𝑝,𝑐𝑐𝑐𝑐𝑛𝑛 = −𝑟𝑟𝑤𝑤 𝐹𝐹𝑛𝑛𝑛𝑛ℎ −
𝐽𝐽𝑤𝑤 𝜔𝜔𝑤𝑤 |𝜔𝜔𝑟𝑟|̇

|𝜔𝜔𝑟𝑟 |
−

𝐽𝐽𝑤𝑤 𝑟𝑟𝑟𝑟 |𝜔𝜔𝑟𝑟 |(−𝐷𝐷(𝑐𝑐 − 𝑐𝑐𝑛𝑛 ) − 𝐾𝐾 ∙ 𝑐𝑐𝐼𝐼𝑛𝑛(𝑐𝑐 − 𝑐𝑐𝑛𝑛 ))
𝑟𝑟𝑤𝑤

−
𝐽𝐽𝑤𝑤 𝑟𝑟𝑟𝑟 |𝜔𝜔𝑟𝑟 |𝑐𝑐�̇�𝑛

𝑟𝑟𝑤𝑤

Eq. 13 

Since the time derivative of sd constant is zero and the acceleration value of the roller is 
neglected for the tram wheel roller rig, the sliding mode control law torque is modified to the 
following equation: 

𝑇𝑇𝑝𝑝,𝑐𝑐𝑐𝑐𝑛𝑛 = −𝑟𝑟𝑤𝑤 𝐹𝐹𝑛𝑛𝑛𝑛ℎ −
𝐽𝐽𝑤𝑤 𝑟𝑟𝑟𝑟 |𝜔𝜔𝑟𝑟 |𝐷𝐷(𝑐𝑐 − 𝑐𝑐𝑛𝑛 )

𝑟𝑟𝑤𝑤
−

𝐽𝐽𝑤𝑤 𝑟𝑟𝑟𝑟 |𝜔𝜔𝑟𝑟 |𝐾𝐾 ∙ 𝑐𝑐𝐼𝐼𝑛𝑛(𝑐𝑐 − 𝑐𝑐𝑛𝑛 )
𝑟𝑟𝑤𝑤

Eq. 14 

Asymptotical stability of the sliding mode control law can be proven for closed-loop control by 
employing a Lyapunov function [33], [39]. 

5    RESULTS AND DISCUSSION 

5.1    Validation of Numerical Model 

In order to use the developed numerical model of the tram wheel roller rig for the performance 
evaluation of the implemented wheel slip control strategies, the validity of the model has to 
be proven. Hence, the numerical model is tested without any wheel slip controller. Figure 12 
shows the comparison of the simulation and experimental results carried out under water 
contaminated conditions. The tests are performed for the same PMSM torque request 
(Figure 12(a)). The resultant wheel slips are in good agreement which can be seen in Figure 
12(b). Besides, the slip curves of simulation and experiment are presented in Figure 12(c). The 
slender clockwise loops observed in experiment results are closely simulated by the numeric 
model. Furthermore, slight differences between the simulation and experimental wheel 
speed results are displayed in Figure 12(d). 

Even though the simulated performance characterised the experimental response satisfactorily, 
differences established between experimental and numerical results (Figure 12). The pre-
assumed simplifications in the model which does not include all mechanical details and 
imperfections of the real experimental device and testing conditions yield the first group of 
factors causing mentioned differences. Other factors are related to the measurement procedure 
including parasitic signals (mainly electromagnetic noise), resolution of sensors, as well as 
processing the simulation results – filtering which impacts the signals particularly when wheel 
slip is suddenly terminated. 
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Despite the effects of mentioned factors, it is seen that the results obtained from the developed 
numerical model are consistent with the experimental results. This fact proves the validity of 
the developed numerical model. 

Figure 12. The comparison of the simulation and experimental results. 

5.2    Simulation Results 

The step time of the integrations is selected as 20 µs to guarantee the accuracy of calculations. 
However, the control action of the anti-slip control models is limited to the period of 0.04 ms 
to simulate the control action of the controller in the real tram wheel roller rig. The initial 
peripheral speed of the roller is selected as 5.56 m/s, which corresponds to 20 km/h for a tram 
vehicle, in the simulations. To be able to observe wheel slip in low torque value, the normal 
force is assigned relatively small. Hence, the normal force is provided to the simulation as an 
average value of 4250 N. 
5.2.1 Wheel Slip Control Based on a Single Threshold 

The initial test for WSCST is carried out under the assumption of continuous water 
contaminated test conditions. The control parameters are selected as; sth=0.01, Ainc=1 and 
Adec=0.5. The minimum torque (Tmin) generated by the WSCST controller is set as 15% of the 
nominal torque of PMSM. It is assumed that the water is continuously supplied to the contact 
area. The simulation results are illustrated in Figure 13. It can be seen in Figure 13(c), wheel 
slip is controlled cyclically. However, the amplitude and the frequency of the cycles are not 
constant due to the nonlinearity, and numerical errors. The response of the controller is 
sufficient since the maximum wheel slip ever to occur is merely 7.4%. 
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Figure 13. Simulation result of WSCST performed under the assumption of water contaminated 
test condition. 

The second simulation is carried out to investigate the performance of WSCST under the 
assumption of steady grease contaminated test condition. The control parameters are set as; 
sth=0.015, Ainc=2 and Adec=1. Tmin is selected 1% of the nominal torque of PMSM. The results 
are presented in Figure 29 of the thesis. Similar to the previous simulation, the wheel slip is 
controlled cyclically. The dynamic behaviour (non-periodic response, irregular cycles, i.e.) of 
the wheel slip observed are caused by the uncertainties and numerical errors. The WSCST 
achieves a successful control within 4.1% maximum wheel slip. 
5.2.2    Wheel Slip Control Based on Multiple Thresholds 

The performance of the controller is initially tested under the assumption of the continuous 
water existing between the wheel and roller. The control parameters are set as; sth2=0.006, 
sth1=0.008, Ainc=4 and Adec=1. The minimum torque (Tmin) generated by the WSCMT is set as 
15% of the nominal torque of PMSM. When Figure 14(c) is analysed, it can be seen that the 
maximum wheel slip of 2.3% is observed during the simulation. Moreover, it is found in Figure 
14 (a) that the minimum torque the output of WSCMT is 224 N.m. Overall, the controller 
provides an improvement in the traction characteristic of the wheel. 
The performance of the controller is tested under the assumption of steady grease contaminant 
existing between the wheel and the roller. The results are presented in Figure 31 of the thesis. 
Maximum wheel slip of 4% occurs. When the output of the controller is examined, it is noticed 
that the minimum torque is 62 N.m. From the results, it is possible to claim that the controller 
prevents the wheel from the severe slip effectively. Furthermore, the controller reduces the 
amount of torque drop slightly. 
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Figure 14. Simulation result of WSCMT performed under the assumption of water contaminated 
test condition. 

5.2.3    Wheel Slip Control Based on Angular Acceleration of Wheel 

To confirm the operation verification of the WSCAA method, we conduct the first simulation 
under the assumption of water contaminated test condition. The control parameters are selected 
as; αth=1, Ainc=1 and Adec=0.5. The simulation is conducted for two different cases of wheel-
roller surface conditions which are half-dry and wet. The resultant wheel slip is depicted in 
Figure 15(b). During the first cycle, the wheel slip raises to 8.6% on the other hand, in the next 
cycles, the peaks of the wheel slip are noticed around 5.9%. The results have proved that 
WSCAA can avoid severe wheel slip when the sudden changes occur in adhesion condition. 

Figure 15. Simulation result of WSCAA performed under the assumption of water contaminated 
test condition. 

Another simulation is carried out under the assumption of grease contaminated test condition. 
The results are depicted in Figure 33 of the thesis. It is noticed that during the first cycle; the 
wheel slip raises to 9.9%. In the next cycles, the peaks are observed at 7%. It is seen that the 
WSCAA provides a successful wheel slip control during the low adhesion condition. 
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5.2.4    PI Wheel Slip Control 

The initial test is conducted under the assumption of the continuous water contaminant existing 
between the wheel and roller. The control parameters are set as; sd=0.01, Kp=500 and Ki=2000. 
The response of the controller is presented in Figure 16. The desired wheel slip (sd=0.01) is 
reached successfully, as illustrated in Figure 16(b). Moreover, the desired wheel slip 
corresponds to the peak of the slip curve, as depicted in Figure 16(c). When the path of the 
wheel slip is analysed, no significant overshoot is observed. 
The second simulation is carried out to test the reaction of the PI-WSC method toward the 
sudden change of the friction condition. The presented results (see Figure 35 for further 
information in the thesis) show that the controller stabilises the wheel slip at 1% in a short time. 
Because of the sudden change of the friction condition, the wheel slip increases up to 11.5%.  
The last simulation is conducted with the assumption of the steady grease contaminated test 
conditions. It is observed that the controller effectively stabilises the wheel slip at the desired 
level with a slight overshoot. Furthermore, the desired level corresponds to the peak of the slip 
curve. The results are presented in Figure 36 of the thesis. 

Figure 16. Simulation results of PI-WSC performed under the assumption of water contaminated 
test condition. 

5.2.5    Sliding Mode Wheel Slip Control 

To verify the effectiveness of the developed control method, we performed the initial tests using 
the validated numeric model. The following values are selected for the control parameters; 
D=10, K=1 and sd=0.02. 
The simulation results of SM-WSC performed under the assumption of water contaminated 
test condition can be seen in Figure 17. Two phases of the adhesion scenario are selected for 
the simulation of water contamination (Half-dry and wet). The controller effectively 
stabilises the wheel slip at 2%, as seen in Figure 17(b). The maximum overshoot displayed in 
the wheel slip is about 5.1%, which has a relatively low value. Moreover, the indicated 
results demonstrate the effective performance of the proposed strategy since the wheel slip is 
stabilised almost at the peak of the slip curve (see Figure 17c). 
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Similar performances observed for the simulation which is carried out under the assumption of 
steady grease contaminant. The results are available in Figure 38 of the thesis. The presented 
results confirm the functionality of the controller. 

Figure 17. Simulation results of SM-WSC performed under the assumption of water contaminated 
test condition. 

5.3    Experimental Results 

The sampling rate of data logger that is connected to the test stand is 200 Hz. However, the 
control action of the anti-slip algorithm is limited with 25 Hz to gain time for data processing. 
The initial peripheral speed of the roller is selected as 5.56 m/s, which corresponds to 20 km/h 
for a tram vehicle. The air spring provides no air pressure to obtain the higher wheel slip with 
lower traction torque. On the other hand, the average of the normal force is measured as 4250 
N, due to self-weights of the wheel, air spring and swinging arm. 

5.3.1    Wheel Slip Control Based on a Single Threshold 

Figure 18 shows the experimental results of WSCST performed under water contaminated test 
condition. The resultant wheel slip is provided in Figure 18(c). The controller prevents the 
severe wheel slip effectively where maximum wheel slip of 8.1% is seen. 

The experimental test results of WSCST under the steady grease contaminated test condition 
are presented in Figure 40 of the thesis. The results are quite similar to findings under the water 
contaminated condition. The wheel slip is suppressed successfully with a maximum of 4%. 
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Figure 18. Experimental result of WSCST performed under water contaminated test condition. 

5.3.2    Wheel Slip Control Based on Multiple Thresholds 

The performance of the WSCMT is verified with the help of the experimental tram wheel roller 
rig. The initial roller speed is set as 11.2 m/s that approximately corresponds to 40 km/h for a 
tram vehicle. 
Figure 19 shows the response of the WSCMT carried out under the continuous water 
contaminated test condition. The proposed algorithm appears to deliver a satisfactory 
performance since the strategy provides a cyclic control of wheel slip where the peaks are 
noticed between 1.3-2%. Besides, the controller prevents the wheel from the excessive torque 
drops, which reduce traction performance. 
The results of the experiment which are conducted under the steady grease contaminated test 
condition are provided in Figure 42 of the thesis. When the presented results are analysed, the 
controller suppresses the severe wheel slip effectively since the peaks of the cycles are found 
to be around 4.4%. 

Figure 19. The experiment result of WSCMT performed under water contaminated test condition. 
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5.3.3     Wheel Slip Control Based on Angular Acceleration of Wheel 

To confirm the operation of the WSCAA, we conducted the first experimental test under water 
contaminated test condition (half-dry and wet). The wheel slip control performance of 
WSCAA is depicted in Figure 20(b). During the first five cycles of the control process, the 
magnitude of the peak of the wheel slip tends to increase while the magnitude of the peak 
of wheel slip reduces gradually in the subsequent cycles. A maximum wheel slip of 6.7% is 
observed during the test. 

Similar performances are observed for the steady grease contaminated wheel-roller surface 
conditions which are presented in Figure 46 of the thesis. Due to the system delay, a sudden 
wheel slip occurs at the first cycle, and then, the controller reduces the wheel slip to lower 
values in the next cycles. The peaks of the wheel slip cycles are observed around 5.9%. 

Figure 20. Experimental result of WSCAA performed under water contaminated test condition. 

5.3.4    PI Wheel Slip Control 

The operation of the PI-WSC is verified initially under the continuous water contaminated test 
conditions. The controller stabilises the desired wheel slip, as given in Figure 21(b). Closer 
inspection to Figure 21(c) shows that the controller operates at the peak of the slip 
curve. Surprisingly, a constant difference between the wheel and roller speeds is observed in 
Figure 21(d), even at free rolling. This difference causes an offset in the calculated wheel slip 
value. 
Another experimental test is carried out to examine the dynamic response of the controller to 
the sudden decrease in the friction condition (half-dry to wet). The results are provided in Figure 
48 of the thesis. The controller provides a successful control since the recovery from the 
unstable side of the slip curve to the stable side of the slip curve takes in an instant. The PI-
WSC stabilises the wheel slip at 1% (for both conditions of adhesion) which corresponds to the 
peak of the slip curve for the water contaminated test condition.  
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Figure 21. Experimental results of PI-WSC performed under water contaminated test condition. 

5.3.5    Sliding Mode Wheel Slip Control 

The experimental results of the proposed algorithm performed under water contaminated 
wheel-roller surface conditions are presented in depth in Figure 22. The resultant wheel slip is 
provided in Figure 22(b). The SM-WSC is activated right after the wheel slip value reaches 
beyond the desired amount (2%). The controller reduces the motor torque, as indicated in Figure 
22(a), and the wheel slip is stabilised at 2%. A maximum wheel slip of 7% is observed during 
this test. 

The performance of the controller under the steady grease contaminated test condition is very 
effective where the wheel slip on 2% level is successfully established, as indicated in Figure 50 
of the thesis. Moreover, it is seen that 2% of wheel slip corresponds to a point where the 
maximum adhesion is seen. 
One of the interesting results is observed during the test with grease and water&grease 
contaminated conditions. When the water is sprayed on to the grease contaminated surface, the 
available adhesion drops severely. Furthermore, the water particles removed from the contact 
surface when the application of water is stopped. It is seen that the SM-WSC stabilises the 
wheel slip at 2% within all case of the adhesion conditions. Here, it must be noted that 2% of 
the wheel slip corresponds to the point where the peaks of the slip curves are observed. Hence, 
the controller achieves the maximum utilisation of the adhesion in all cases. The test results are 
available in Figure 51 of the thesis. 
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Figure 22. Experimental results of SM-WSC performed under water contaminated test condition. 

5.4    Analysis of Results

The performances of the control methods are evaluated via experiments on a roller rig and 
simulations on its numerical model. The conditions of the simulations and experiments are 
employed identically to provide a comparative discussion. 
When the simulation and experimental results for each method under the same test conditions 
are compared, it is obvious that both results are in good agreement. 
Moreover, it is observed that the WSCST and WSCMT suppress the wheel slip slightly better 
than the WSCAA. On the other hand, the experimental tests summarised in Table 7 of the thesis 
show that WSCAA improves traction performance better than the WSCST and WSCMT. 
Consequently, the WSCAA strategy is primarily recommended to be used on EMUs due to its 
advantages (see section 4.3 of the thesis) over the other methods. 
The performance evaluation of control strategies with different roller speeds, threshold values, 
deceleration rates and increment rates are conducted through the validated numerical model. 
Findings from the validated numerical model for the re-adhesion methods can be summarised 
as depicted in Table 1: 
Table 1: Effect of increasing the control parameter on wheel slip 

WSCST WSCMT WSCAA 

sth / αth Increase Increase Increase 

vr Decrease Decrease Decrease 

Adec Increase Increase Increase 

Ainc Decrease Decrease Decrease 

The assignment of threshold values (sth and αt) is very critical for the control process. When it 
is set higher, severe wheel slip is observed while lower values caused insufficient adhesion 
utilisation. Furthermore, Adec is a vital control parameter which directly affects the convergence 
rate of the actual wheel slip. Selecting a high value for Adec results in an excessive drop in the 
motor torque. If Adec is set to a low entity, the wheel slip reaches very high levels. The control 
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parameter Ainc determines the torque increase rate of the controller. Adjustment a small value 
for Ainc causes a slow torque recovery; nevertheless, selecting a higher value results in unstable 
wheel slip control. 
The impact of each parameter on the control behaviour the PI-WSC and SM-WSC are 
summarised as follows: 
PI-WSC method: 

• The controller exhibits good wheel slip tracking performance with all roller speeds and all
contact conditions. However, low amplitude vibrations are noticed at lower roller speeds.

• The controller provides successful performance under the water and grease contaminated
test conditions when the desired wheel slip is set on the stable part of the slip curve. On the
other hand, adjustment of the desired wheel slip to the unstable part of the slip curve brings
the risk of control quality deterioration.

• Higher overshoot is observed with the lower proportional gain parameter (Kp) independent
from the contact conditions. Moreover, the controller is capable of stabilising the wheel
slip under grease contaminated case for lower Kp

• The integral gain parameter (Ki) influences the rise time to the desired set point. When Ki
sets to a lower value, the higher rise time is observed.

SM-WSC method: 

• The wheel slip overshoot increases slightly at higher roller speeds; however, the amplitude
of vibrations reduces.

• The controller is able to stabilise wheel slip even on the unstable part of the slip curve.
• The convergence rate parameter (D) influences the damping of the wheel slip. The higher

value of the convergence rate parameter causes higher overshoot and longer settling time.
• The uncertainties parameter (K) has no significant influence on the results.

The presented results show that both controllers are able to stabilise the wheel slip effectively 
when the desired wheel slip is set on the stable part of the slip curve. However, the performance 
of the PI-WSC deteriorates when the desired wheel slip is set on the unstable part of the slip 
curve. On the other hand, SM-WSC is able to stabilise wheel slip even on the unstable part. 
Hence, the application of the SM-WSC on electric locomotives is advised. 

6    CONCLUSION 

The work presented in the thesis is aimed to determine effective and viable solutions to wheel 
slip problem. Hence, Five wheel slip control strategies -wheel slip control based on single 
threshold (WSCST), wheel slip control based on multiple thresholds (WSCMT), wheel slip 
control based on angular acceleration of wheel (WSCAA), PI wheel slip control (PI-WSC), and 
sliding mode wheel slip control (SM-WSC)- are suggested. Initially, the validity of the 
developed numerical model is proven through the comparison of the numerical and 
experimental results. Then, the performances of the control methods are evaluated through 
experiments on a roller rig and simulation tests on the validated numerical model. Moreover, 
the influence of different roller speeds and control parameters are investigated through the 
validated numerical model since it provides an advantage by allowing us to set the identical test 
condition for each case. 
It is observed that wheel slip control strategies based on the threshold value (WSCST, WSCMT 
and WSCAA) suppress the severe wheel slip effectively. Due to its advantages over the other 
methods, the WSCAA strategy is primarily recommended to be used on EMUs. The PI-WSC 
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and SM-WSC successfully stabilise the wheel slip at a defined reference slip value. 
Furthermore, the PI-WSC and SM-WSC algorithms do not only stabilise the wheel slip but also 
help to establish optimum utilisation of the adhesion characteristic regardless of the severity of 
contaminants between the wheel and the roller when the optimal reference wheel slip is 
introduced. The SM-WSC has an advantage over the PI-WSC due to its useful properties in the 
stabilisation of nonlinear and uncertain systems. Hence, it is appropriate to use the SM-WSC 
on electric locomotives. 

6.1    Completed Objectives of Doctoral Thesis
The completed objectives of the thesis are as follows: 

(i) Summarising a large number of published studies on the wheel slip, adhesion and 
slip control methods: the gathered information about the adhesion, slip mechanism, 
wheel slip detection methods and wheel slip control methods are included in section 2, to 
give the reader a general overview of the research covered in the thesis. 

(ii) Reproducing a numerical model of the tram wheel roller rig in MATLAB 
environment that can be used for performance evaluation of the wheel slip control 
strategies: In section 0, the numerical model of tram wheel roller rig, that is introduced 
in section 3.1, is reproduced in MATLAB environment.  

(iii) Proposing algorithms to control the wheel slip mechanism and establishing optimum 
utilisation of adhesion: In section 4, the developed wheel slip control strategies are 
introduced. Strategies in sections 4.1, 4.2 and 4.3 are designed to be used on EMU 
while the strategies in sections 4.4. and 4.5 are designed to be used on electric 
locomotives. 

(iv) Validation of reproduced numeric model:In section5.1, the validity of the developed 
numerical model (see section 3.2)is proven by comparing simulation results with 
experimental results. 

(v) Verifying the functionality of proposed wheel slip control algorithms by either the 
validated numerical model or experimentally obtained results from the tram wheel 
roller rig: In section 5.2, the functionality of the proposed wheel slip control algorithms 
is verified by the validated numerical model (under the assumption of several 
surface conditions). In section 5.3, the functionality of the controllers is proven 
with the experimental setup under several test conditions. 

(vi) Performance evaluation of the proposed wheel slip control algorithms with different 
speeds and control parameters: The validated numerical model is used for the further 
performance evaluation of the wheel slip control algorithms with different speeds and 
control parameters. The simulation results are presented in the Appendices of the thesis. 
The summaries of the simulations are presented in section 5.4. 

6.2    Scientific Contributions of Doctoral Thesis 

An advanced numerical model of a tram wheel roller rig that includes nonlinear effects caused 
by time delay and disturbances to match the values of the experimental test setup is developed 
so that other researchers can easily simulate the dynamic responses of wheel slip and electric 
motor control strategies. 
Three different re-adhesion (WSCST, WSCMT and WSCAA) are suggested for the use on the 
EMUs. The WSCST and WSCAA are conventional re-adhesion strategies. Employing 
WSCMT on wheel slip control is unique and proposed by the author. It aims to provide an 
improvement to the utilisation of the adhesion. 



229 | 

Two more different strategies (PI-WSC and SM-WSC) for the use of electric locomotive are 
also proposed in this thesis. It is known that the PI-WSC method is widely used for industrial 
applications. However, the wheel slip control stability cannot be guaranteed with the PI 
controllers due to their linear characteristics [11]. On the other hand, SM-WSC is an attractive 
robust control method which has effective properties to stabilise the nonlinear and uncertain 
systems. The author has modified and applied a control strategy which is presented for a 
personal electric vehicle in the previous literature [33]. According to the author's knowledge, 
SM-WSC is an original control strategy in the related literature which aims to stabilise the 
wheel slip for a roller rig. 
The dynamic responses of the implemented anti-slip control strategies are evaluated under 
different surface conditions (half-dry, wet, greasy and wet&greasy) on both experimental tram 
wheel roller rig and its numeric model. Furthermore, the performance of the control strategies 
with different speeds, threshold values, deceleration and increment rates are evaluated on the 
validated numerical model. The carried-out simulations and experiments bring considerable 
knowledge in the scientific field. 

6.3    Future Works 
The purpose of the slip control methods is to prevent the wheel from severe slip and improve 
the traction effort of the vehicle. Furthermore, the development of such systems is very critical 
for the safety of the vehicles. Hence, we have presented five of the wheel slip control strategies. 
Tests carried out on the experimental roller rig and its numerical model verify the presented 
strategies. The further verification of the developed strategies can be carried on the real 
locomotive in future. Another future work can be the development of optimal reference slip 
ratio seeking algorithm. In this work, the reference value of the wheel slip is obtained from the 
experimental measurements (predefined reference value). However, it is possible to obtain the 
reference using the characteristic slip curve. Hence, it is planned to adopt the recursive least 
square with the steepest gradient method (RLS-SGM) to determine the optimal wheel slip ratio 
online for the presented control strategies. 
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